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THE AVERAGE-CASE COMPLEXITY OF DETERMINING THE
MAJORITY*

LAURENT ALONSO', EDWARD M. REINGOLD!, AND RENE SCHOTTS

Abstract. Given a set of n elements each of which is either red or blue, it is known that in
the worst case n — v(n) pairwise equal/not equal color comparisons are necessary and sufficient to
determine the majority color, where v(n) is the number of 1-bits in the binary representation of n.
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1. Introduction. Given a set {x1,Z2,...,z,}, each element of which is colored
either red or blue, we must determine an element of the majority color by making
equal /not equal color comparisons x,, : z,; when n is even, we must report that there
is no majority if there are equal numbers of each color. How many such questions are
necessary and sufficient?

In the worst case, exactly n — v(n) questions are necessary and sufficient, where,
following [4], v(n) is the number of 1-bits in the binary representation of n. This
result was first proved by Saks and Werman [9], who expressed the problem in terms
of games and graphs and gave an intricate, technical argument based on generating
functions to prove the lower bound. In [2] we gave a short, elementary proof of this
result.

The present paper concerns the average case. We show in section 3 that any
algorithm that correctly determines the majority must on the average use at least

(1) 2; = \/SZ +0(1)

color comparisons, assuming all 2™ distinct colorings of the n elements are equally
probable. Furthermore, in section 4 we describe an algorithm that uses an average of

2n 8n
2 — 1
2) 3 Ogogn)
color comparisons. Together these bounds imply that 23" — SZ + O(logn) such

comparisons are necessary and sufficient in the average case to determine the majority.
Some open problems are discussed in section 5.
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2. The decision tree. The derivation of the average-case lower bound (1) is, as
is the derivation of the worst-case lower bound in [2], based on analyzing the under-
lying binary decision tree (see [8], for example) of any algorithm based on equal/not
equal comparisons. Each node of such a decision tree corresponds to a subset of the
2™ possible colorings of the n elements—the largest subset for which the answers to
the questions posed are consistent with the coloring. The lower bound for the average
case follows from a detailed analysis of the structure of such a tree.

At any node of the decision tree, the state of information obtained about the
coloring can be described by a partition of {x1, za, ..., 2, } into disjoint sets A1 UB; U
AsUByU---U A, UB,,, for some m, with the meaning that for all 7, 1 <1i < m,
all the elements in A; are known to have one color and all the elements in B; are
known to have the opposite color. There are clearly 2™ colorings of the elements that
are consistent with this partition. At the root of the decision tree we have m = n,
A; = {x;}, and B; = (), 1 < i < n, and hence, 2" consistent colorings. A leaf of
the decision tree contains enough information for the algorithm to identify one of the
subsets A; or B; as being of the majority color.

If we assume that no redundant questions are asked, each internal node of the
decision tree reflects a color comparison x, : %, ., € A; U B; and z, € A; U By,
i # j. The answer to the question causes the two pairs of sets A;, B; and A;, B;
to be replaced by a single pair of sets, either the pair A; U A;, B; U B; or the pair
A; U Bj, A; U B;, depending on the answer to the question. Thus at each internal
node the number of colorings splits half and half between the two children of that
node, and therefore a node at depth d (the root having depth zero) corresponds to
27~ colorings.

Observe that a color comparison x, : &y, £, € A;UB; and x, € A;UB;, ¢ # j, is
irrelevant if either |A;| = |B;| or |A;| = |B;| because, in either case, the cardinalities
of the replacement pair of sets for the two pairs of sets A;, B; and A;, B; do not
depend on the outcome of the color comparison. Hence the state of information at a
node need not include pairs of sets A;, B; for which |A;| = |B;|, so we will assume

In considering the state of information at a node in the decision tree described
by the partition A3 U B UAs U By U---U A, U B,,, it is convenient to relabel these
2m sets so that

|Ail > |Bil,
for 1 <i <m, and
|Ai| = |Bi| = [Ait1| = [Bis1l,
for 1 <4 < m. Thus by defining, for 1 <1i < m,
A; = |Ail - |Bil,

we can encode all relevant information about the state at a node of the decision tree
with the nonincreasing sequence of positive integers

A >Ag > > Ay >0

The state of the algorithm at the root of the tree is thus described by a sequence of
nones. At an internal node (Aq, Ag, ..., A,,;), acolor comparison ,, : &,, &, € A;UB;
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(A13A23 o 7Am)

delete A; and Aj; delete A; and Aj;
insert A; + A; if A; # Ajinsert A;—A;

Fic. 1. The effect on the A-vector of a color comparison at an internal node of the decision
tree with the color comparison xy : Ty, Ty € A; U B; and xy € A; U B;. If A; = Aj, the node is
ordinary; if A; # Aj, the node is unusual.

and z,, € A;UB;, results in the two values A; and A; being deleted from the sequence
and A; + Aj or |A; — Aj| > 0 then being inserted into place in the sequence, one in
the left subtree the other in the right subtree, respectively, depending on the result
of the color comparison—in this case the sequence shrinks in length by 1 in passing
to subtrees. However, zeroes are never in the sequence (since A; = 0 would mean
|A;| = |Bil), so if |[A; — Aj| = 0, the sequence for that subtree shrinks in length by 2.
(See Figure 1.) In other words, each internal node of the decision tree can have either
both of its children with a A-vector one shorter in length than its own A-vector or its
left child with a A-vector one shorter in length than its own and its right child with
a A-vector two shorter in length than its own; in the former case we call the node
unusual, and in the latter case we call it ordinary.

A leaf in the decision tree corresponds to an outcome of the algorithm, and hence
the associated A-vector contains enough information to determine the majority. There
are two cases: If the A-vector is empty (m = 0), there is no majority. Otherwise, we
must have

(3) Al > ZA“

i>2

in which case any element from the set A; is a member of the majority. Of course
each A; > 1, so (3) implies that

(4) A1 2 m,

for every leaf in which there is a majority element; we consider that (4) holds vacuously
when m = 0 and there is no majority. Thus (4) holds for every leaf in the tree.

3. The lower bound. Given an algorithm for the majority problem, consider
its corresponding decision tree T' and let C(T") be the average number of color compar-
isons, assuming all 2" colorings are equally likely. From the discussion in the previous
section, we have

2n—depth(l)
cT) =Y on  depth(D)
leaves
leT

2n—depth(l) colorings in a leaf at depth depth(l), hence

depth(l)

C(T) - Z 9depth(l) ’
leaves
leT

because there are
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and
1
(5) C(T) = Z 9depth(v)
internal
nodes v € T'

by induction on the height of the tree.

We will evaluate the sum in (5) by relating it to the average length of the A-vector
when the algorithm ends (that is, at the leaves, weighted by the number of colorings
in a leaf),

©) Ly =y e

leaves
leT

where length(l) is the length of the A-vector at leaf [. This, in turn, we will express
in terms of the classic ballot problem [3].
Observe that for any integer-valued function f of nodes, we have the identity

(7) > [f(v) = fleft(v)) — f(right(v))] = f(root) — Y f(I);
internal leaves
nodes v € T' leT

this follows by induction on the height of the tree (the sum on the left telescopes).
Applying (7) to the function

_ length(v)
f(’l}) - 9depth(v) ’

we find that f(root) = n,
Y. f)=L(T),
leaves

LetT

and

. Qdi/tf(v) , v ordinary,
fw) = f(left(v)) — f(right(v)) =

1
odepth(v) ) v unusual.

So, (7) becomes

3/2 1
Z 2depth('u) + Z 2depth(v) =n-—- L(T)

ordinary internal unusual internal
nodes v € T nodes v € T

Because every internal node is either ordinary or unusual, we can rewrite this last
equation as

3 1 1 1
2 Z 9depth(v) o 2 Z 9depth(v) =n- L(T)

internal unusual internal
nodes v € T nodes v € T
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But by (5), this becomes

3 1 1
QC(T) o 2 Z 9depth(v) =n- L(T)’

unusual internal

nodes v € T

or

2n 2 1 1
(8) (1) = 3 3L(T) + 3 Z 9depth(v)

unusual internal
nodes v € T'
2 2
> - L)

3 3

2n 2
9 > _ 2B,
) > - lB()

where E(A7) is the expected value of Ay, assuming all 2™ colorings are equally likely,
because (4) tells us that L(T) < E(A;) and thus —L(T) > —E(A4).
E(Ay) = M(n), the expected margin of victory in the n-vote ballot problem [3],
for consider
1 L S
M(n) = on 12: (|majority in C| — |minority in C|)
colorings

c

1
= on Z Z (|majority in C| — |minority in C).
leaves colorings
leT Cel

But for a leaf I with A-vector (A1, Ag, ..., Ay),
|majority| — |minority| = Ay £ Ag £+ --- £ Ay,

where the sign of A; is + if color(A;) = color(A;) and — otherwise. A given leaf [
contains the colorings with all 2"~ sign combinations, so when these are added all
terms cancel except the A; term. Thus

Z (Jmajority in C| — |minority in C|) = 2n~4Pth(DA |

colorings
cel

2n—depth(l)

since there are colorings associated with [, and so

1
M(n) = Z 2n7dcpth(l)A1
leaves

leT

Ay
= Z 9depth(l)

leaves
leT

= E(A1),
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as claimed. Inequality (9) now becomes

2 2
(10) c(T) > 3" 3

The value of M(n) was the subject of problem A-4 in the 1974 Putnam compe-
tition [7] (see also [1, pp. 22 and 87]). We have,

ORI JECEEY (Z)

S AR
L))
SO GRS
()

\/ 2: +e()

by Stirling’s formula (see [4, equation (4.15)], for example). Therefore, (10) becomes

(11)

or) > gn _ \/S: Lo,

as claimed.

4. An algorithm. Equation (8) holds for any tree and allows us to analyze the
expected behavior of any algorithm by computing L(7T) and

1
Z 9depth(v)

unusual internal
nodes v € T

for that algorithm. The algorithm from [2] has no unusual internal nodes and each
leaf has a A-vector that is the binary representation of an integer between 0 and n,
so the expected length must be O(logn). That algorithm, therefore, has an expected
2n/3 — O(logn) color comparisons—in other words, although exactly optimal in the
worst case, is only within an additive O(y/n) of being optimal in the average case.
We can do better, however.

For optimal average-case behavior, we seek to maximize

2 1 1
4 LT — 4 > odepth(v)

unusual internal
nodes v € T

We will describe an algorithm (that is, a tree T'(n)) for which this is \/ o —O(logn);

this algorithm is thus within an additive O(logn) of being optimal.
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Consider the tree T'(n) formed by starting with the A-vector (1,1,...,1) of n
ones at the root and proceeding as follows. Suppose the A-vector has the form

(12) (2t +1)201,2%2 .. 2m),

8 > b6y > -+ > b6 and t > 0; certainly, the initial A-vector (1,1,...,1) has this
form. If Ay > Ag+--- 4+ A,,, it is a leaf. Otherwise, if Ay < Ag +---+ A,,, that is,
(2t +1)20 < 2%2 4 ... 428w the §;’s cannot all be distinct, so let i be the smallest
integer such that for which 6; = 6;41; in other words, let ¢ be the smallest integer
such that A;/A;41 is odd. If

(13) PIEVED PRV
j<i j>i

we make a color comparison between an element from A; and one from As; otherwise,
if

d A <Y A,

j<i j>i

we make a color comparison between an element from A; and one from A;;;. The
resulting A-vector has the same form as (12) and it follows by induction on the depth
in T'(n) that each A-vector thus obtained satisfies the invariant relationship

(14) sum of the non-ones < 2 + number of ones.
Inequality (14) is a critical property of T'(n), as we shall see. Figure 2 shows the tree
T(8).

The only possible A-vectors in the leaves of T'(n) are

(15) (), (2), (4,1,1,...,1), j=i—1lorj=1i—2.

—
J

For suppose, by way of contradiction, that a leaf [ has Ay > 2. By (14),
A1 + Ay < sum of the non-ones < 2 + number of ones,
or
A1 < (2 — As) 4+ number of ones.
But 2 - A5 <0, so
A1 < number of ones.

Hence the algorithm cannot correctly conclude at leaf [ that A; is of the majority
color, a contradiction.

Because each leaf has one of the forms in (15), the length of the A-vector in a
leaf satisfies

(16) length(leaf) = Ay + O(1).
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So,

L(T(n)) = E(length(leaf))
= E(A1) +0(1)
= M(n +O( )

by (11).

It remains to compute

1
Z 9depth(v) *

unusual internal
nodes v € T'(n)

finceJ ZBl A; <m, (12) tells us that the only possible values for Ay are 20.0<i<
lgn|, so

llgn]

1
Z 2depth(v Z Z 9depth(v) *
unusual internal =0 unusual internal
nodes v € T(n) nodes v € T'(n)
with Ay = 2°

From inequality (20) in Corollary 4.5 below, we see that the inner sum here is O(1).
This implies that the outer sum is O(logn) and hence that

2n 8n
crm) = - /3 4 ogogn)
whence we can conclude that C(T'(n)) is within an additive O(logn) of being optimal
in the average case. To reach the needed corollary we must study the arrangement of
unusual internal nodes in T'(n).
PROPOSITION 4.1. Let v with A-vector (dy,ds,...) be an ancestor of ¥ with
A-vector (dy,da, ...) in T(n). Then

(17) sum(d) < sum(v) — 2(dy — dy),

where sum(z) is the sum of all values in the A-vector of a node x.

Proof. The proof is by induction on depth(¢) —depth(v) because sum(z) —2A4 (z),
an integer-valued function of a node x, is nonincreasing as we go from parent to child
in T(n). O

PROPOSITION 4.2. For any k, the highest unusual node in T'(n) with Ay < k has
A1 /Ay even.

Proof. Tt suffices to prove that any ancestor of such a node has a A-vector
(d1,da,...) in which d; is either a power of two or is a multiple of 2A5. This is
proved by induction on the depth of a node. a

PROPOSITION 4.3. Ifv € T(n) is a unusual node with Ay = k, then (a) there is
no unusual node with Ag > k in the subtree rooted at v, and (b) there is no unusual
node with Ay = k in the subtree rooted at left(v).
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Proof. Suppose there is such a node v. Let x be the highest ancestor of v that
is unusual and has Ay < k (of course, we could have x = v), and let (dy,ds,...) be
the A-vector of z. Because x is the highest unusual node with Ay, < k, we must have
dy /ds even—if it were odd, it would contradict Proposition 4.2—and hence if 7 is the
smallest integer such that d;/d;;1 is odd, then ¢ > 2, and by (13),

Z dj > Z dj.
j<i >i

Furthermore, because da/ds, ...,d;—1/d; are all even, dy > d3 > --- > d;; since these
are all powers of two, we have

dy>1+ Y d;
3<j<t

and hence

dy+2dy > 14 dj.

J<i

The inequalities above combine to tell us that

ddi=) di+> d;

Jj=1 J<i J>i
<2) d;
J<i
< 2dy +4dy; — 2.
Thus
(18) sum(z) < 2d; + 4ds — 2.

For part (a), let 3 be an unusual descendant of v with Ay > k and let (dy,da, .. .)
be the A-vector of y, 0?2 > k > dy; we have cil > cig since y is unusual and, since As
must be a power of two, we have dy > 2dy. (See Figure 3(a).) Because y is also a
descendant of z, we have by Proposition 4.1 that

sum(y) < sum(z) — 2(dy — dy).
Therefore, by (18),

sum(y) < 2dy + 4dy — 2 — 2(dy — d,)
= 2d; + 4ds — 2
< 2dy + 2dy — 2.

But
number of ones in y < sum(y) — dy — do,
since dl > Cig > 2dy > 2, and so

number of ones in y < dAl + dAg -2,
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(a) Jl>(i222d2 (b) Jl>d2:d22d2

F1G. 3. The structure of the tree T'(n) in the two parts of Proposition 4.3. Unusual nodes are
enclosed in ovals.

contradicting (14).
For part (b), let y¥ be an unusual descendant of left(v) with Ay = k. Let

(dy,da,...) be the A-vector of v and let (dy,ds,...) be the A-vector of y; we have
dy > dy since y is unusual and dy = do > do by hypothesis. (See Figure 3(b).) Because
y is a descendant of left(v), we have by Proposition 4.1 that

sum(y) < sum(left(v)) — 2(dy + do — dy)
sum(v) — 2(d; + da — dy)

IN

because sum(v) = sum(left(v)) and dy > dy. However, v is a descendant of z, so we
have

sum(v) < sum(z) — 2(d; — dy)
and hence
sum(y) < sum(z) — 2(dy — dy) — 2(dy + do — dy)
= sum(z) — 2(dy 4 dy — dy).
Therefore, by (18),
sum(y) < 2dy + 4dy — 2 — 2(dy 4 dy — d)

=2d;, + 2dy — 2
< 2d; +2ds — 2,
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and we then reach the same contradiction to (14). O
PROPOSITION 4.4. For any node x € T (n) and for any constant k,

1 1
(19) Z 9depth(v) < 9depth(z)—1

unusual internal nodes
v with Ag = k in the
subtree rooted at x

Proof. The proof is by induction on the height of the subtree rooted at x. If the x
is a leaf, the result is immediate. Suppose the proposition holds for subtrees of height
at most h > 0 and consider a subtree of height h+ 1 rooted at z. There are two cases.
When the node z is an unusual node with Ay = k, by Proposition 4.3 we know that
any unusual node in the left subtree of & has Ay < k and any unusual node in the
right subtree of x has Ay < k. Hence

1 1 1
Z 9depth(v) - 9depth(z) + Z 9depth(v)
unusual internal nodes unusual internal nodes
v with Ag = k in the v with Ag = k in the
subtree rooted at x subtree rooted at left(z)
1
+ Z 9depth(v)

unusual internal nodes
v with Ag = k in the
subtree rooted at right(z)

1
= 9depth(z) +0+ 9depth(right(z))—1
1 1
= 9depth(z) + 9depth(zx)
_ 1
- 9depth(z)—1"’

as desired. Otherwise, direct application of the induction hypothesis to the two sub-
trees gives

1 1
Z 9depth(v) = Z 9depth(v)

unusual internal nodes unusual internal nodes
v with Ag = k in the v with Ag = k in the
subtree rooted at x subtree rooted at left(z)
1
+ Z 9depth(v)

unusual internal nodes
v with Ag = k in the
subtree rooted at right(z)

1 1
= 9depth(left(z))—1 + 9depth(right(z))—1
1 1
" 9depth(x) + 9depth(x)

1

= 9depth(z)—1" O
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COROLLARY 4.5. For any constant k,

1
(20) Z 9depth(v) <2

unusual internal
nodes v € T'(n)
with Ag =k

Proof. Apply Proposition 4.4 to the root of the tree, which has depth zero. 0

Corollary 4.5 can be interpreted probabilistically: The sum (20), which resem-
bles Kraft’s inequality, is the expected number of unusual internal nodes with A, = k
encountered as we follow a random path down the tree from the root to a leaf. Propo-
sition 4.4 says that if we encounter such a node, then half the time—whenever we go
left—there will be no further such nodes as we continue, so the expected number of
such nodes is at most 1 +1/24+1/4+--- = 2.

5. Open problems. We conjecture that for our tree T'(n),

1
Z 9depth(v) = @(log TL)

unusual internal
nodes v € T

and that the algorithm departs by an additive logarithmic term from optimality as n
increases. Moreover, the worst-case behavior of this algorithm is worse than the best
possible n — v(n): for n = 12, it can take 11 color comparisons. Two open questions
are thus suggested:

e What are the exact average-case and worst-case analyses of our algorithm?

e Is there an algorithm that is optimal in both the average and worst cases?

Consider the tree formed by starting with the A-vector (1,1,...,1) at the root

and proceeding as follows. Suppose the A-vector has the form (12). Let ¢ be the
smallest integer such that A;/A;41 is odd; if

Ar+ Ay > A,
Jj=3

make a color comparison between an element from A; and one from As; otherwise,
make a color comparison between an element of A; and one of A;;;. We conjecture
that this algorithm is optimal in the worst case and departs by at most an additive
logarithmic term from optimality in the average case, but we are unable to analyze
either case. Explicit computation of the trees verifies the optimality of this algorithm
for n < 52 in the worst case. In the average case, a similar computation verifies that
this algorithm is optimal for n < 20 but not for n = 50.

The majority problem is closely related to problems in system diagnosis [6], [10].
It is also similar to coin-weighing problems [5] and knight/knave problems [11]. These
relationships deserve exploration.

Acknowledgments. We are indebted to Donald L. Burkholder for suggesting
the method we originally used to calculate M (n) in section 3. We are grateful to an
anonymous referee who pointed out references [1] and [7] and who suggested several
stylistic improvements.
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AMPLIFICATION BY READ-ONCE FORMULAS*
MOSHE DUBINER' AND URI ZWICK?

Abstract. Moore and Shannon have shown that relays with arbitrarily high reliability can be
built from relays with arbitrarily poor reliability. Valiant used similar methods to construct monotone
read-once formulas of size O(n®12) (where a = log /5, 2 ~ 3.27) that amplify (¢ — leﬂl"’l‘ :L) (where
%= (v/5—1)/2~0.62) to (27,1 — 27™) and deduced as a consequence the existence of monotone
formulas of the same size that compute the majority of n bits. Boppana has shown that any monotone
read-once formula that amplifies (p — i,p + 711) to (i,i (where 0 < p < 1 is constant) has size
Q(n®) and that any monotone, not necessarily read-once, contact network (and in particular any
monotone formula) that amplifies (4117 2) to (27™,1 — 277) has size Q(n?).

We extend Boppana’s results in two ways. We first show that his two lower bounds hold for
general read-once formulas, not necessarily monotone, that may even include exclusive-or gates. We
are then able to join his two lower bounds together and show that any read-once, not necessarily
monotone, formula that amplifies (p — }l,p + 711) to (277,1 — 27 ™) has size Q(n®*+2). This result
does not follow from Boppana’s arguments, and it shows that the amount of amplification achieved
by Valiant is the maximal achievable using read-once formulas.

In a companion paper we construct monotone read-once contact networks of size O(n2'99) that
amplify (; — le % + 711) to (4117 i) This shows that Boppana’s lower bound for the first amplification
stage does not apply to contact networks, even if they are required to be both monotone and read-
once.
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1. Introduction. In a classical paper, Moore and Shannon [14] use what is now
called the amplification method to show that relays with arbitrarily high reliability
can be built from (so-called crummy) relays with arbitrarily poor reliability.

The amplification method was next used by several researchers to show that
particular Boolean functions have small Boolean circuits and formulas. Bennett and
Gill [3], extending a result of Adleman [1], used it to show that every language in
the complexity class BPP has polynomial-size circuits. Ajtai and Ben-Or [2] used
the amplification method to show that probabilistic constant-depth circuits can be
simulated by deterministic constant-depth circuits with only a polynomial increase in
size.

The main focus of attention in this paper is the elegant application of the am-
plification method by Valiant [19] to the construction of monotone formulas of size
O(n**?) (where @ = log s5_, 2 ~ 3.27) for the majority function and its extension
by Boppana [4] to the construction of O(k®*!nlogn)-size monotone formulas for the
kth threshold function of n variables.

* Received by the editors August 19, 1992; accepted for publication (in revised form) March 31,
1995. A preliminary version of this paper appeared in Proc. 33rd Annual IEEE Symposium on
Foundations of Computer Science, IEEE Computer Society Press, Los Alamitos, CA, 1992, pp. 258—
267 [5).
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16 MOSHE DUBINER AND URI ZWICK

To show the existence of O(n®*2)-size monotone formulas for the majority func-
tion, Valiant first constructs monotone read-once formulas that amplify (¢ — 711, P+ }L)
(where ¢ = (v/5 —1)/2) to (27™,1 — 27"). Formal definitions of all of these terms
will appear in the next section. The existence of monotone formulas of the same size
for majority follows from a simple probabilistic argument.

Boppana [4] considered the question of whether Valiant had obtained an opti-
mal amount of amplification in his construction and came very close to answering it
positively. He observed that Valiant had actually constructed O(n®)-size monotone
read-once formulas that amplify (¢ — 1,4+ 1) to (}, %) and O(n?)-size monotone
read-once formulas that amplify (}, ) to (27",1—27"). The O(n®"?)-size monotone
read-once formulas that amplify (¢ — }L,z/J + 711) to (27,1 —27") are easily obtained
by combining these two subconstructions. Boppana was able to show that each one
of these subconstructions achieved an optimal amount of amplification. However, it
does not seem to follow from Boppana’s arguments that the combined construction is
also optimal.

We are able to join together the two lower bounds of Boppana and show that any
monotone read-once formula that amplifies (p — },p+ ') to (27,1 — 27") (where
0 < p < 1 is fixed) does indeed have to be of size Q(n®*2). This gives a complete
positive answer to the question of whether Valiant’s construction obtains an optimal
amount of amplification.

We are also able to strengthen Boppana’s results in another respect. We show
that the combined Q(n®*?) lower bound applies even if the read-once formulas are
allowed to use negations and exclusive-or (XOR) gates (as well as the monotone AND
and OR gates). We deal with negations directly. XOR gates are dealt with by showing
that for every formula with XOR gates there exists a probabilistic formula without
XOR gates of the same size that achieves the same amount of amplification.

Boppana had used two different (we are tempted to say incompatible) methods
to get his two lower bounds for the two amplification stages. To obtain the combined
lower bound, we have to slightly strengthen his first lower bound and exhibit an
alternative proof for his second. In particular, we obtain a slightly stronger version
of what we call Boppana’s inequality (see section 2) and present an analytical proof
of it. (Boppana resorted to numerical experimentation in the proof of his inequality.)
We also generalize Boppana’s bound on the derivatives of univariate amplification
functions to bounds on the partial derivatives of multivariate amplification functions.

As mentioned, Boppana’s second lower bound applies to general monotone contact
networks. Using a result of Lupanov [13], it can be shown that it does not apply to
nonmonotone contact networks. Thus in the contact-networks model, negations do
help amplify. More details can be found in [5] and [6]. We also note that negations
and XOR gates seem to help in the construction of formulas for the majority function.
In [15] and [16], nonmonotone formulas of size O(n*°7) without XOR gates and of
size O(n*13) with XOR, gates were constructed.

In a companion paper [6] (see also [5]), we show that there exist monotone undi-
rected contact networks of size O(n*%%) that amplify (3 — ', 7+ 1) to (1, 2). Certain
conjectures in percolation theory imply that the size of the amplifying networks can
be further reduced to O(n8/ 3+o(1)) and perhaps even further. This extends the results
of Moore and Shannon [14] and those of Valiant [19] and shows that Boppana’s first
lower bound does not apply to the contact networks, even if they are required to be
both monotone and read-once. It also implies the existence of undirected monotone
contact networks of size O(n*99) (or O(n*57), relying on the percolation conjectures)
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that compute the majority of n bits. Smaller directed monotone networks for majority
have recently been constructed by Radhakrishnan and Subrahmanyam [18].

Other works relevant to the subjects considered in this paper are [8], [9], [10], and
[17].

The rest of the paper is organized as follows. Section 2 is mainly composed of
definitions. In section 3 we present the strengthened version of Boppana’s inequality.
In section 4, we obtain the bounds on the derivatives of multivariate and univariate
amplification functions. These bounds are used in section 5 to strengthen Boppana’s
bound for the first amplification stage. In section 6, we put forth a new approach to
proving amplification lower bounds. This approach is based on a simple functional
inequality. Using this approach, we present an alternative proof to Boppana’s lower
bound for the second amplification stage. In section 7, we show how to combine
the methods of the two preceding sections and obtain our unified lower bound. In
section 8, we show that read-once formulas that include XOR gates can be simulated
(as far as amplification is concerned) by probabilistic read-once formulas without
XOR gates with no increase in size. All the results of sections 5, 6, and 7 are valid
for probabilistic, not only deterministic, formulas. Thus all of these results, proved so
far only for formulas without XOR gates, remain valid even if XOR gates are used.
We conclude in section 9 with some open problems.

Although the basic ideas used in this work are fairly simple, many proofs, espe-
cially those of inequalities, are extremely technical. To maintain the readability of
the paper, the more technical and lengthy proofs have been put in the appendices.

A preliminary version of this paper (and of [6]) appeared in [5].

2. Preliminaries. Following Moore and Shannon [14] and Boppana [4], we in-
troduce the following two definitions

DEFINITION 2.1 (amplification functions). Given a Boolean function f : {0,1}" —
{0,1}, we define its multivariate amplification function f : [0,1]™ — [0,1] as follows:
f(p1,p2,...,pn) = Pr[f(x1,%2,...,%,) = 1], where x1,Xa,...,X, are independent
random wvariables and x; assumes the value 1 with probability p; and the value 0
with probability 1 — p;. We define the univariate amplification function of f to be
fp) = f(p,p,...,p). Since the (multivariate) amplification function is an extension
of the original Boolean function, we use the same notation for both.

DEFINITION 2.2 (amplification from/to). A Boolean function f : {0,1}" — {0,1}
amplifies (p,q) to (p',q¢") if f(p) = p' and f(q) = ¢'. It amplifies (p,q) to at least
®'.q") if f(p) <p" and f(q) > ¢

The main objects considered in this paper are formulas.

DEFINITION 2.3 (formulas). A formula of n variables is defined recursively as
follows: (i) for 1 < i < n, the variables x; and their negations xz; are formulas; (ii)
if f and g are formulas, then so are (=f), (f ANg), (fVg), and (f ® g). A formula
in which no XOR gates are used is called unate or de Morgan. A unate formula in
which mo negations are used is called monotone. Formulas define Boolean functions
in the obvious way. The size of a formula f, denoted by size(f), is the number of
occurrences of variables in it.

DEFINITION 2.4 (probabilistic formulas). A probabilistic (monotone, unate) for-
mula is simply a discrete probability distribution over deterministic (monotone, unate)
formulas. The size of a probabilistic formula F is defined to be the maximum size
of a formula f whose probability according to the distribution induced by F' is posi-
tive. The amplification function F(p1,...,pn) of a probabilistic formula F is simply
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F(p1,...,pn) = Ererf(p1,...,pn), where E denotes expectation relative to the dis-
tribution induced by F'.

It is easy to see that monotone and unate formulas correspond to monotone and
nonmonotone series-parallel contact networks. For more details the reader is referred
to Boppana [4].

Most of the formulas encountered in this work will be read-once.

DEFINITION 2.5 (read-once). A formula is said to be read-once if every variable
appears in it at most once.

We investigate the minimal size of formulas required to achieve given amplification
goals.

DEFINITION 2.6 (amplification complexity). If 0 < pg, qo,p1,q1 < 1, we denote
by N(p1,q1 | po,qo0) the minimum size of a unate read-once formula that amplifies
(po, qo) to (p1,q1). We denote by Ng(p1,q1 | po,qo) the corresponding measure for
general read-once formulas.

In what follows, we refer to the following two inequalities.

THEOREM 2.7 (Holder’s inequality). If a, 8 > 1 and ; —|—é =1, then for any two
real vectors x and y, we have

n n 1/a n 1/p
(|, lyl) = lwiwi| < (Z |$i|a> : (Z |yiﬁ> = [lzfla - [lylls-
=1 i=1 i=1

THEOREM 2.8 (Boppana’s inequality). Let H(z) = —xlogy . — (1 —z)logy (1 — )
be the usual binary entropy function and let § = log(\/5+1)/2 2~ 1.44. Then for every

0<a,y<1, we have
() () = ()

In what follows we say that a function F' satisfies Boppana’s inequality iff F'(z) =
F(1—2) >0 for every 0 < z <1 and F (substituting for H) satisfies the inequality
in the above theorem.

3. Strengthening Boppana’s inequality. Boppana’s inequality, stated in the
previous section, forms the basis of his lower bound for the first amplification stage.
To get some of our extended lower bounds, we need a slightly stronger version of
his inequality. This version is obtained by replacing the entropy function H(z) by a
function G(x) with the tightest possible asymptotic behavior near z = 0 and x = 1.

To prove his inequality, Boppana had to make many numerical checks involving
functions of two variables. (In one point of the argument, for example, he has to
estimate the third derivatives of the function H(x,y) = (H(zy)/zy)? — (H(x)/z)" —
(H(y)/y)? and show that the Hessian matrix of H is positive definite on the entire
region [0.55,0.65] x [0.55,0.65].) We are able to exhibit a much simpler proof to
our strengthened inequality. We show that it follows from some relatively simple
one-variable inequalities.

Our new function G(z) is defined as follows:

x (ln v ) 1/8 if 0

x

CO=Y o (lnljx)l/ﬁ it

IN
8
IN

IN
8
IN
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where
2—1—1In4
B

We claim that G(z) satisfies Boppana’s inequality.

LEMMA 3.1. For every 0 < z,y <1, we have (G;))ﬁ + (G;y))ﬁ < (G;Zy))ﬁ.

Proof. See Appendix A. d

The somewhat peculiar constant - in the definition of G(z) was chosen so that
G() = G(1 — 1p) where G(z) = x - d‘i(G;I))ﬂ. As shown in the next lemma, this is
a necessary condition that must be satisfied by any (symmetric) function that wishes
to satisfy Boppana’s inequality.

LEMMA 3.2. If G(z) is a symmelric functzon that satzsﬁes Boppana’s mequalzty

and if G(x) is differentiable at x = 1, then G(¢) G(l — 1)), where G( ) ==z

G(2)\g
dx,( T )

Proof. Since 9% = 1 — 1), ? = é, and G(¥?) = G(1 — ) = G(¥), we get
that 2(Gfb¢))ﬂ = (G;}w;))ﬁ . Tt follows that Boppana’s inequality is always satisfied
with equality at the point (z/J ). As a consequence, the point (1, 1/1) must be a local
minimum of the function G(z,y) = G(zy) — G(z) — G(y), where G(z) = (G(I)) It

is easy to verify that

Invy = ~ —0.003005.

aééz, y) _ 31: [2yC (2y) - 2 ()] = ; [Gay) - 6@).

Since this partial derivative must vanish at (1,1), we get that G(1 — 1) = G(1?) =
G). O

Graphs of the function G(z) are discussed in the appendices. It can be seen
from these graphs that G(z) has a small cusp at # = }. This will not cause us any
trouble. A variant of the function G(z) in which this cusp is replaced by a straight
line connecting the two local maxima also satisfies Boppana’s inequality. This variant
is used by us in [7].

It is easy to see that for small values of z, we have G(z) ~ z(In 1)!/# while H(z) ~
zln! and thus G(z) < H(z). This allows us to get the 1mpr0ved amplification
bounds.

4. Bounds on derivatives of amplification functions. The basic theorem
from which all the results of this section follow is the following.

THEOREM 4.1. If f is a unate read-once formula (or a read-once series-parallel
contact network) that depends on n variables and if I(x) satisfies Boppana’s inequality,

then
g\ 1/8
) <I(f).

Proof. The proof is by induction on the structure of f. If f = x; or f = x;, then
the inequality is easily verified since |8f |=1and I(z;) =I(1—=;) = I(f). If f = g,
then the mequahty follows easily from ‘the induction hypothesis since f =1 — ¢ and
therefore |57 | = | 59 | and I(f) = I(1 — f) = I(g).

If f= f1 A fa and if fi(z1,...,zn) and fa(y1,...,Ym) are the amplification func-
tions of fi and fo, then the amplification function of f is f(z1,...,Zn, Y1, Ym) =

of

I(wi): ox;

>

=1
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fi(zr, ., xn) fo(yr, .-, ym). As a consequence, g;i = 6f1 - f and 6f = fi 8f2. For
convenience, we let Zpi1 = Y1, - Tntm = Ym-

Using the induction hypothesis and then Boppana’s inequality, we therefore get

n+m I¢] n I6] n+m B
f 8 of1 8 0fa
< . . . .
> [t gr | <522 fr- gl | 3 frta g

B &
< (fo I(F))P + (fr I(f2))P = (fifo)?- l(j(f{l)> N (Hfiz)) ]

I(f1f2)
fife

This completes the proof since any unate gate can be obtained by combining an A-gate
with negations. 0
If in addition to satisfying Boppana’s inequality, the function I(x) also satisfies

the inequality
() )

for every 0 < x,y < 1, then we can show directly that the inequality in the above
lemma holds for read-once formulas that may include XOR gates. Both the entropy
function H(z) and the function G(z) introduced in section 3 satisfy this inequality.
We omit the details since the same amplification bounds will follow from the more
general arguments of section 8.

We denote by V f(z) the gradient V f = (am1 ey (% ) of f evaluated at the point
(z,...,z). As an immediate corollary to the previous lemma, we get the following.

COROLLARY 4.2. If f is a unate read-once formula, then

<t ( )ﬁ — ()

I
IVf(@)ls <
and if p. is the critical probability for which f(p.) = p., then

IV (pe)lls < 1.

As a second corollary to Theorem 4.1, we get the following result obtained by
Boppana [4] for monotone read-once formulas.

COROLLARY 4.3. If f is a unate read-once formula that depends on n variables,
then

| < e @)
) <ot

Proof. A simple application of Hélder’s inequality yields
1

Sl < 0 ((i)” 0

)1//3’

8:@
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It was pointed out by one of the referees that the inequality S°i, |z;| < nt/« -
(3, #4]%)1/7 used in the proof above follows immediately from Jensen’s inequality,
which is more elementary than Holder’s inequality. This is interesting since it shows
that our proof, in contrast to Boppana’s proof, does not use the full power of Holder’s
inequality.

Again, if I(x) satisfies the additional inequality mentioned above, as G and H do,
then Corollary 4.3 holds for general, not necessarily unate, read-once formulas. We
claim that the inequality in Corollary 4.3 with G(z) plugged into it is, up to constant
factors, the strongest valid inequality of its kind. We do not elaborate on it here.

5. Local amplification bounds. Boppana [4] used Corollary 4.3 with the en-
tropy function H(z) plugged into it together with the mean-value theorem to get
a lower bound on the size of the formulas required to amplify (po,qo) to (p1,¢1)-
A stronger lower bound is obtained by replacing the entropy function by the new
function G(z) and by integrating the upper bound obtained for |f’(z)|.

Let
/ Y du
» G(u)
THEOREM 5.1. Any read-once formula that amplifies (po,qo) to (p1,¢1) has size
at least

[e3

M(z,y) =

M(p1,q1)

N(p1,q1 | posq0) >
(P14 | ) M (po, qo)

Proof. Let f be a read-once formula that depends on n variables and amplifies
(o, qo) to (p1,¢1)- Using Corollary 4.3 and a simple change of variables, we get that

N q0 f'(at)dm - /Qo nl/ad:c - nl/a 9 do q
n G@)| 7 py, GU@)] ™ [y, G() v G@)|
Since
d 1/
[ o)
r(n) v
it is easily verified that
, . m(z,y) if <y<;,
M(z,y) = / du 17 o ] e, )Y+ m(L =y, )Y i 2 < <y,
’ . G(u) m(l —y,1—1z) if J<z<y
My, x) if y<ux,

where C' = a® and

m(z,y) = [(m ;)l/a - <ln Z)l/a] a.

Clearly, M(x,y) = M(y,x) = M(1 —z,1 —y).

In section 7, the function M (z,y) will be compared with some other functions. It
will be convenient to scale M (x,y) before these comparisons and assume that C' = 10°.
Of course, this will not affect the validity of Theorem 5.1.
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As an immediate corollary of Theorem 5.1, we get the following,.

COROLLARY 5.2. Any unate read-once formula that amplifies (p — i,p + 711) to
at least (1, %) (where 0 < p < 1 is fized) is of size Q(n®) and any unate read-once
formula that amplifies (p — TlL,er i) to at least (27™, é) or to at least (é, 1—27") s
of size Q(nt1).

Proof. The proof follows easily since M (p — }L,p + 711) =0(n~ ) and M (27", é),
M(},1—27")=0(n). O

It can be checked that both of these bounds are optimal. Valiant [19] obtained
monotone formulas of size O(n®) that amplify (p — ',p+ !) to (},3). Boppana [4]
obtained monotone formulas of size O(n®*!) that amplify (p — ,p+ 1) to (27, )
or to (3,1 —27"). The fact that the second lower bound obtained using the function
G(z) is tight shows that the asymptotic behavior of G(x) near x = 0 and = 1 cannot
be improved.

Since M (27",1—-27") is still ©(n), the methods used so far imply only an Q(n®*1)
lower bound on amplification from (p — ', p+ 1) to (27™,1 —27"). This will be
improved in section 7 to a tight Q(n**2) lower bound.

We note that the use of the function G(z) in place of H(x) is essential in obtaining
the Q(n**!) lower bounds of Corollary 5.2. Had we used H(z), we would have
obtained only Q(n® logn) lower bounds.

6. Global amplification bounds. The main result of this section is the fol-
lowing simple yet powerful theorem. Let (0,1) denote the open unit interval and let
(0, 1)2 denote the open unit square in the plane.

THEOREM 6.1. If L(z,y) is defined on (071)2 and satisfies the following two
conditions,

L(z122,y192) <

L(z,y)

then for every 0 < po,qo,p1,q1 < 1, we have

L(xlayl) +L(332,Z/2) VvV 0<z1,22,y1,%2 <1,
L(1- —y) VOo<azy<l,

L(Pth)

N(p1,q1 | po,qo0) > .
(1,01 | Po: o) L(po, qo)

Proof We prove by induction on the structure of f that if f amplifies (po,qo)
o (p1,q1), then size(f) > L(p1,q1)/L(po,qo). The basis of the induction is easily
established.

If f = —g, then g amplifies (po,qo) to (1 —p1,1—q1). Since size(f) = size(g) and
L(1 —p1,1 — q1) = L(p1,q1), the required inequality follows immediately from the
induction hypothesis.

If f = finfa and if f1 and fo amplify (pg, go) to (21, y1) and (z2, y2), respectively,
then p; = z1x2 and ¢ = y1y2. By the induction hypothesis and the first condition
of L, we have

size(f) = size(f1) + size(f2)
o Llany) + Lz, y2) ( Llziwz, yiy2) _ Lpy,a1)
- L(zo,y0) ~ L(po, ) L(po, qo0)
Note that in both Theorems 5.1 and 6.1, the lower bounds obtained were of

a similar form. Both involved a quotient of some two-variable potential function
evaluated at the pre- and post-amplification probabilities.
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The approach of Theorem 6.1 seems to be more general than the approach of the
previous section. Numerical tests seem to suggest that the function M (z,y) of section
5 satisfies the condition M (z122,y1y2) < M(z1,y1)+M (22, y2) of Theorem 6.1. If this
were indeed the case, then Theorem 5.1 would follow immediately from Theorem 6.1.

With some additional work, the numerical tests that we performed can proba-
bly be turned into a proof that is similar in spirit to the original proof that Bop-
pana had given for his inequality—that the function M (z,y) satisfies the inequality
M(z129,y192) < M(x1,y1) + M(z2,y2). This would be tedious, however, since four,
and not just two, variables are involved this time. We did not carry out this extra
work since the direct proof given to Theorem 5.1 seems to be more informative.

We now use Theorem 6.1 to obtain an alternative proof to the lower bounds for
the second amplification stage obtained by Moore and Shannon [14] and Boppana
[4]. The new proof works only for read-once formulas and not for general read-once
networks. However, it does work for general, not necessarily monotone, read-once
formulas.

Perhaps the simplest function satisfying the conditions of Theorem 6.1 is the
following function:

1

Y B 1ni~ln 1=y
(z,y) = In 1i Int o ifx >y
z Ty

if x <y,

LEMMA 6.2. The function L'(x,y) satisfies the conditions of Theorem 6.1.

Proof. The condition L'(z,y) = L'(1 — x,1 — y) is easily verified. Let ¢'(z,y) =
In!-In 1:7,' Note that /(1 — 2,1 —y) = ¢/(y,z). When z < y, we have | > ; and
1iy > 1im and therefore

O(@,y)=In’-In ' >In '

1oy ~1n; =0 (y,x).

When z > y, the opposite inequality holds. Thus L'(z,y) = max{¢'(z,y), ¢ (y,x)}.
We now have

1, 1
T1T2 1—y1y2

él(xll‘g, y1y2) = ln

_ 1 1Y, 1 1, 1 1 1
= (ln o T In zz) In 1—y1um <In o In 1oy T In o In 1—yn

=l(z1,y1) + 0 (x2,y2) < L'(21,91) + L' (22, y2)

and
C(y1y2, x122) < O (y1, 1) + 0 (y2, 22) < L'(x1,91) + L' (22,92).
Consequently,
L' (z122,y192) = max{l'(z122, y192), €' (Y12, v122)} < L' (21, 91) + L' (22, 12),
as required. a

As an immediate corollary, we extend the lower bound of Moore and Shannon
[14] to include nonmonotone read-once formulas.

COROLLARY 6.3. FEvery unate read-once formula that amplifies (}1, Z) to at least
(27,1 — 27"2) 4s of size Q(ning).

Boppana [4] obtained a stronger version of this inequality when n; and ny are
not within an exponent of each other. To extend his result, we use Theorem 6.1 in
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conjunction with the more complicated function

Uz, y) if z<y<1-—u,
-y 1—2) if 21—z <y,
L) = pi—pi—y) if1-w<y<a,
Uy, x) ify<al-u,

where

1.1
lz,y) =1n . T

S

In

LEMMA 6.4. The function L(x,y) satisfies the conditions of Theorem 6.1.

Proof. The proof is tedious and it is presented in Appendix B. O

Using L(z,y), we extend Boppana’s second lower bound to nonmonotone read-
once formulas.

COROLLARY 6.5. Every unate read-once formula that amplifies (}1, Z) to at least
(27™ 1 — 27"2) 45 of size Q(nin2 + nylogny + nalogns).

The results of this section are stated for unate read-once formulas. The validity of
all the results for general read-once formulas will follow from the results of section 8.

7. A unified lower bound for amplification. Corollary 5.2 gives in particular
an Q(n®*1) lower bound on the size of unate read-once formulas that amplify (p —
Lop+}) toatleast (27,1 —27") (for a fixed 0 < p < 1). In this section, we combine
the proof techniques of sections 5 and 6 and improve this to a tight Q(n®*?) lower
bound. We begin with the following generalization of Theorem 6.1.

THEOREM 7.1. If K(x,y) is defined on (0,1)? and satisfies the conditions

K(z122,y1y2) < max{K(z1,y1) + K(x2,y2), M(z122,9192)},
K(z,y) > M(z,y),

for every 0 < x1,x2,y1,y2 < 1 and 0 < x,y < 1, and if it is already known for every
0 < po,p1,90, 1 <1 that

M(p1,q1)
M (po,q0)’

then we also have for every 0 < pg,p1,q0,q1 < 1 that

N(p1,q1 | posqo) >

K(Plﬂh)
K (po,qo)

Proof. The proof is a trivial modification of the proof of Theorem 6.1. g

To get our unified lower bound, we apply Theorem 7.1 to a function K(z,y)
obtained by stitching together M (z,y) of section 5 (with C' = 106), which did well for
the first amplification stage, and L(z,y) of section 6, which did well for the second
amplification stage. The function K(z,y) will equal M (z,y) when = and y are very
close to one another and it will equal L(z,y) when they are far apart.

The function K (x,y) is defined as follows:

N(p1,q1 | po,qo) >

- M(z,y) if (z,y) € A,
K(z,y) = {max{M(x,y),L(x,y)} if (z,y) ¢ A,
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0 0.2 0.4 0.6 0.8 1
Fi1c. 1. The region A (composed of A’ and A") and the regions in which L(z,y) > M(z,y).

where
A=A4UA", A =R, A" =Ry
and
1 |Int 1 |In !
Rl = o< T <d RI = co<| T <d .
d {(xvy) d= 11’1; = }7 d {(ZL‘,y) d— hlliy = }

Figure 1 gives a schematic description of the region A (composed of A’ and A")
and the two regions (shown shaded) in which L(z,y) > M (z,y). These two extremely
thin regions stretch along the diagonal and the boundary of the unit square. It can
be checked (see the proof of Claim 7.4(a) in Appendix C) that when < y and when
both z and y are very small, then L(z,y)/M(z,y) ~ Inu/C[l — (1/u)'/*]*, where
u=1In i/ln;. Thus L(z,y) > M(z,y) roughly when u < 1.01 or when u > ¢'%°

i.e., when y'9' < x < y or when y6106 > x. The definition of A was conveniently
chosen to lie between these two regions. Note that although it is impossible to see
it in Figure 1, the upper boundary of the inner region in which L(z,y) > M(z,y) is
also tangent to the y-axis.

It is immediate that K (z,y) satisfies the last two conditions of Theorem 7.1. To
show that it also satisfies the first, we define the following additional regions:

B =R, B'=R] B=BUB,
C=Ry C'=Ry c=cuc.
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Clearly, A C B C C. Note that if (x122, y1y2) € A, then K (z1x2,y1y2) = M (2122, y1Y2)-
The fact that the function K(z,y) satisfies the first condition of Theorem 7.1 will
therefore follow from the following lemma.

LEMMA 7.2.

K(zy1,y1) + K(w2,y2) if (v122,9192) € C,
L , < .
(@12, y192) < { M (z122,91Y2) if (v122,9192) €C\ A.

As an immediate corollary of Theorem 7.1 and Lemma 7.2, we get the following.

COROLLARY 7.3. (a) Any unate read-once formula that amplifies (p — n11 P+ 731)
(where 0 < p < 1 is fized) to at least (2772,1—27"3) is of size Q(n§(nanz+mnslogns+
nzlogns)). (b) Any unate read-once formula that amplifies (p — ', p+ ) (where
0 < p <1 is fived) to at least (27™,1 —27") is of size Q(n®*2).

To prove Lemma 7.2 we need the following technical claims whose proofs may be
found in Appendix C.

CLAamM 7.4. (a) M(z,y) > L(z,y) for (z,y) € C\ A. (b) M(z,y) > l(z,y) for
(z,y) e AT\ A

Cram 7.5. (a) (A C A" (b) (A") C A" for every 0 <t < 1.

CLAM 7.6. (a) AC'"CC'. (b) (A" n{x+y>1HB"Nn{x+y>1}) CC".

In Claims 7.5 and 7.6, we use the definitions

R ={(«",¢") : (z,y) € R},
RS = {(z122,y1y2) : (T1,91) € R, (x2,y2) € S}.

CramM 7.7. (a) If (x1,11) € A’ and (x2,y2) € {x <y} \C', then

d

dté(ﬁtzz,yltyz)’ <0.

t=0

(b) If (z1,y1) € A" and (x2,y2) € {x+y > 1,2 <y} \ B’, then

d€(1 o1 — iyt )‘ < (2, )17 always,
- y L =1 X >~ . In
dt yry2 L) 0= Yo it Mm< 115,

In
vl

Cramm 7.8. If In i/ln; >1.15 and x +y > 1, then M(z,y) > (2In ;)1/4.

The choice C' = 10° was made to insure the validity of Claims 7.4 and 7.8. In the
proofs of these claims, found in Appendix C, the main emphasis is on showing that
there exists a value of C for which these claims are valid. The proof that the choice
C = 10 is sufficient is a simple drudgery and will not be presented in full.

Relying on the preceding claims, we now prove Lemma 7.2.

Proof of Lemma 7.2. If (x129,y1y2) € C \ A, then the claim follows from 7.4(a).
We therefore assume that (x122,y1y2) ¢ C, in which case we have to show that
L(z122,11y2) < K(z1,91) + K(22,92).

Since all the functions and regions involved in the statement of the lemma are
invariant under reflection by the line y = 2 (which corresponds to switching the z and
the y coordinates), we may assume without loss of generality that x1zs < y1y2. We
may further assume without loss of generality that x; < y;. It is enough to prove the
inequality for the case where xzo < yo. To see this, we note that if z < 2/ <3/ <y,
then L(z',y’) < L(x,y). Assume that we had proven the inequality for every z; < y;
and x2 < yo. We now show how to deal with the case where z; < y; and x2 > ys.
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Since z1y2 < x122 < y1y2 < Y122 and since (z1x2,y1y2) & C implies (z1y2, y122) € C,
we have

L(x122,y192) < L(21y2, y122)
< K(z1,91) + K(y2, v2)
= K(z1,y1) + K(z2,92)

as required. Therefore, we will assume henceforth that zo < yo.

We now split the proof into two cases depending on whether (z1x2,y1y2) is below
or above the line z +y = 1.

Case 1. z1xs +y1y2 < 1.

Note that C N {x +y < 1} = C’'. We therefore know that (x122,y1y2) € C’.

If (x,y) ¢ A, then {(z,y) < K(x,y). If (z,y) € A, this follows from the definition
of K(z,y) and the fact that ¢(z,y) < L(z,y) (see Lemma B.1 in Appendix B), and if
(z,y) € A"\ A’ this follows from Claim 7.4(b).

If (x1,91), (x2,y2) &€ A’, then using the inequality £(z1z2,y192) < £(z1,y1) +
£(x2,y2), which is always valid (see Lemma B.1 in Appendix B) and the fact that in
this case we have L(z122,y1y2) = £(x122, y1Y2), we get

L($1$27y1y2) =/ x1$27y1y2)
z1,y1) + £(x2,y2)
K(z1,y1) + K(x2,92)

—_~ o~

<
<

as required.

We therefore assume without loss of generality that (x1,31) € A’. Consider
the continuous movement from (zs,y2) to (x122,y1y2) described parametrically by
(x1tx2, y1'y2), where t ranges from 0 to 1. If for some 0 < ¢ < 1 we have (z1'z2, y1'y2) €
C’, then since (x1'7t y;17%) € A’ (this follows from Claim 7.5(a)) we get using
Claim 7.6(a) that (z172,y1y2) = (117 - 2120, 9117 - y1tye) € C’, which is a contra-
diction.

The remaining possibility is therefore that (z1'xa,y1ty2) & C’ for every 0 <t < 1.
In particular (x2,y2) & C’' and £(z2,y2) < K(x2,y2). We now rely on Claim 7.7(a),
which states that in this case jtf(xltxg,yltyg) < 0 for every 0 < ¢t < 1 (since

Sl o, 1ty imty = S l(@1 - z1"0x0, 41" y1'0y2)|1=0), and get that

L(z122, y1y2) = U(z122, Y1Y2)
< lw2,y2) < K(x2,92),
which is more than required.

We are left with the case where (x129,y1y2) is above the line z + y = 1.

Case 2. T1x9 +y1y2 > 1.

Note that in this case we also have 1 +y; > 1, 2o +y2 > 1, and x1'ws +y1tys > 1
for every 0 <t < 1. We also know that L(x12z2,y1y2) = (1 — y1y2,1 — x123).

We now repeat some of the reasonings used in the previous case. However, certain
complications arise since we can rely only on Claim 7.7(b), which is weaker than its
counterpart Claim 7.7(a).

If (z,y) € A (which is equivalent in this case to (z,y) € A”), then by the definition
of K(z,y), we get that L(z,y) < K(x,y).
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If (x1,y1), (x2,y2) € A, then using the fact that L(x,y) satisfies the condition
L(z129,y192) < L(z1,y1) + L(22,y2) (which is the first condition of Theorem 6.1),
we get that

L(z129,y12) < L(z1,91) + L(22,Y2)
= K(z1,51) + K(2,92)

as required.

We may therefore assume without loss of generality that (z1,y;) € A”. Consider
again the continuous movement from (z2, y2) to (z122,y1y2) described parametrically
by (z1tx2,y1'y2), where ¢ ranges from 0 to 1. Note that in this case the whole curve
is above the line x +y = 1.

If for some 0 < t < 1 we have (x1txo,y1tys) € B, then since (z;17¢ y;17%) € A”
(this follows from Claim 7.5(b)), we get using Claim 7.6(b) that (v1z2,y1y2) € C”,
which is a contradiction.

The remaining possibility is therefore that (z1txe, y1tys) & B for every 0 < ¢ < 1.
In particular, (x9,y2) ¢ B”. If In wll/ln yll < 1.15, then using the lower part of
Claim 7.7(b) and essentially the same argument as before, we are done.

Assume therefore that In ;1 /1n yll > 1.15. From the upper part of Claim 7.7(b),
we get that

d

dtL(xlth,yltyg) <(2ln yll )1/4 for every 0 <t <1,

which integrates to
L(z122,y192) — L(w2,y2) < (2In ;) )V/*.

Using Claim 7.8 and the facts that L(za,y2) < K(x2,y2) (since (x2,y2) & A) and
M(z1,y1) = K(x1,y1) (since (z1,y1) € A), we get that

L(z122,9192) < (2In ) + L(a, y2)
< M(z1,y1) + K(w2,92)
= K(z1,51) + K(22,92)

as required. This completes the proof. 0

8. Exclusive-or gates as convex combinations of unate gates. The main
result of this section is the following theorem.

THEOREM 8.1. If f is a read-once formula that amplifies (p,q) to (p',q’), then
there exists a probabilistic unate read-once formula F with size(F) < size(f) that also
amplifies (p,q) to (p',q').

Proof. The proof is by induction on the structure of f. If f is a variable, then the
result is clear. If f = =f; or f = f1 A f2, then the result follows immediately from
the induction hypothesis. The interesting case is, of course, if f = f; & fo. Assume
that fi; and fo amplify (p,q) to (z1,y1) and (z2,y2), respectively. Let F; and Fb
be two probabilistic unate formulas with size(Fy) < size(f1) and size(F») < size(f2)
that also amplify (p,q) to (z1,y1) and (x2,y2), respectively. The existence of F; and
F; follows from the induction hypothesis. The next lemma proves the existence of a
unate connective o such that the point (z1,y1) ® (x2,y2) lies in the convex hull of the
points (0,0), (x1,y1) o (22,y2) and (1,1). It follows that there exist three constants
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0 <a,f,7 <1with a+ g+~ = 1such that (z1,y1) ® (2,y2) = @-(0,0)+ 8- (z1,91)0
(z2,y2) + v - (1,1). Thus the unate probabilistic formula

0 with prob. «,
F= { Fy o F5, with prob. g,
1 with prob. v

achieves the same amplification as f. Clearly, size(F) < size(Fy) + size(Fz) <
size(f1) + size(f2) = size(f). This completes the proof of the theorem. O

A unate connective here is one of the twelve connectives (z% A yb)c, z%, and y°,
where % = = @ a, that may be obtained using one AND gate and some negations.

LEMMA 8.2. For every 0 < x1,T9,y1,y2 < 1, there exists a unate connective o
such that (x1,y1) ® (x2,y2) s in the convex hull of the points (0,0), (x1,y1) o (T2, y2)
and (1,1).

Proof. We may assume without loss of generality that x1 ® x5 < y; @ yo since if
this is not the case, we can switch the roles of the x’s and y’s. By this assumption,
the point (x1 @ 2, y1 @ yo2) is above the line y = z. It is therefore contained in the
convex hull of the points (0,0), (x1,y1) o (z2,¥2), and (1,1) iff

Yyioy2 _ Y1 DYz l—y10oy2 _1—-y1 Dy
> and < .
T1 0 X9 x1 D o l—z102 1—21®x

We consider four different cases.

Case 1. 1 <yp and z2 < yo.

We take o to be the OR operator, i.e., aob = aVb. A simple manipulation shows
that the first inequality is equivalent to the inequality

T1y1 (Y2 — x2) + X2y2(y1 — 1) > 0,

which is easily seen to hold since x1 < y; and zo < 2. A similar manipulation shows
that the second inequality is equivalent in this case to the inequality

Y1y2(1 — 21V a2) > z122(1 — Y1 V y2),

which is also easily seen to hold since x1zs < y1y2 and 1 V 22 < y1 V yo.

Case 2. ©1 <y and xo > yo.

We consider the points (y;,z1) and (y2,22). It is easy to check that y; < 1,
Y2 < o, and y; Dys < x1@xo. By Case 1, we get that the point (y; Bys, 1 Das) lies in
the convex hull of the points (0, 0), (y; Vys2, 21 Vas), and (1,1). It follows immediately
that the point (z1,2z2) ® (y1,y2) = (1,1) — (z1, 22) ® (y;, y=2) lies in the convex hull of
the points (0,0), (z1 A x2,y1 Aysy), and (1,1). We can thus take aob=a Ab.

Case 3. ©1 > y1 and x4 < yo.

By switching the roles of (x1,y1) and (x2,y2), we are back in Case 2. We can
thus take aob=a A b.

Case 4. ©1 > y1 and x3 > yo.

The points (x1,y,) and (z2,y,) satisfy the conditions of Case 1. We can thus
take aob=a Vb.

This completes the proof of the lemma. d

It is easy to check that the lower bounds of the previous sections apply to prob-
abilistic and not only to deterministic read-once formulas. All of the lower bounds
claimed for unate read-once formulas are therefore valid for general read-once formu-
las. We also have the following connection between probabilistic and nonprobabilistic
formulas.
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THEOREM 8.3. If F' is a probabilistic formula that amplifies (p,q) to (p',q’), then
there exists a deterministic formula f that amplifies (p,q) to (p”,q"), where p” < 2p’
and 1 — ¢"”" <2(1 — ¢'). Furthermore, if F is read-once, unate, or monotone, then so
is f.

Proof. Recall that p’ = F(p) = Ejcrf(p), where the expectation is according
to the distribution that F' induces on the deterministic formulas that it assumes.
Since for every nonnegative random variable X we have Pr[X > 2E(X)] < ;, we

get that Pr[f(p) > 2p/] < 5, where again f is chosen according to the distribution
induced by F. Applying a similar argument to ¢’ = F'(q), we get that Pr[(1— f(q)) >

2(1 —¢')] < 3. As a consequence,
Prifp)>2p" v (1-f(9)>2(1-¢)] <1,

and therefore a deterministic formula chosen according to the distribution of F' will
satisfy the required conditions with a positive probability. 0
COROLLARY 8.4. Ng(p1,¢1|po,qo) = min 1<z, N (P14 | Posq0)-
1-q) <2(1-q1)
9. Open problems. At least two major open problems are left in connection
with the subjects discussed in this paper:

1. Do the lower bounds on amplifying formulas given in this paper apply to
general, not necessarily read-once, formulas? Do they hold for general monotone
formulas? Do they hold, say, for read-twice formulas?

2. Are the optimal monotone formulas for majority obtained by the use of the
amplification method? Is it possible to obtain an Q(n®*?) lower bound on the mono-
tone formula complexity of the majority function? The currently best lower bound on
the monotone or unate formula size of the majority function is an Q(n?) lower bound
obtained by Khrapchenko [11], [12].

One less important problem is the following:

3. Is there a simple and less technical proof of the unified amplification lower
bound? Is there a simple and natural function that satisfies the conditions of Theo-
rem 6.1 and by the use of which a direct simple proof of the unified lower bound may
be obtained?

Appendix A. Proving the strengthened Boppana’s inequality. Graphs
of the function G(x) are given in Fig. 2.
Proof of Lemma 3.1. Define

@@<G@»5:{Ez if 0<az<,,

(C-1)’m, i l<a<i

We have to show that for every 0 < z,y < 1 we have

G(z,y) = G(zy) — G(z) — G(y) = 0.

If0<y§;,then0<zy§§and

G(z,y) =In Jy —C:'(gc)—ln;
1 ~ In! if 0<z<l,
=In —mmz{ 7 2

x if J<z<l1.
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o2 0. 386504
0.1 0. 386502

0.2 0z 076 '8 Y Jodes 0.4 0.502  0.504 \

F1a. 2. The function G(z).

F1c. 3. The three one-variable functions whose nonnegativity imply the strengthened Boppana’s
inequality.

Since ln,ly ~ (0.003 > 0, the inequality easily holds in the quadrant 0 < z,y < % A
graph of the function In ! — é(m) =In! — (! -1)%In 7 for ) <z <1,is given by
the bold line in Fig. 3. We see that the function is nonnegative for every % <z <1,
and this could be easily proved rigorously. (The local minimum is attained at x = 1)
and its value is about 0.0015.) This takes care of the rectangle 0 < y < ; and by
symmetry also of the rectangle 0 < z < ;

We are left with the quadrant ; < z,y < 1. Note that é(x, 1) = é(l,y) =0,
so the inequality is verified for all the points on the boundary of the quadrant. The
function G(z,y) is nondifferentiable on the hyperbola zy = % but is differentible
anywhere else inside the quadrant. A graph of the function

G (x 21) G (;) ) -G (21)

8
1 gl gl
:1n27—<m—1> ln1 —(2x—1)5ln1 1
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-0.96 |
-0.98 | /

0.2 0.4 0. 0.8 1
~1.02 |

F1G. 4. The function a(x) No value (other than —1) is attained at three different x values.

for é < x < 1is given by the dotted line in Fig. 3. Again, it can be verified rigorously
that it is nonnegative for every é <z <l1.

We now look for extremal points of the function G(z,y) inside the quadrant
% < z,y < 1 that do not lie on the hyperbola zy = é In these points, we must have

aé(‘ray) _ 1 ! ol —
1) = o -] =0
56(1‘,1}) o 1 ~ _ ! _
oy =G () G )] =
Define
~ _ 1 if 0<az<?,
G0=x30= (12 1) g <est

If (x,y) is such an extremal point of G(z,y), then we must have

~

G(z) = G(y) = G(zy).

A graph of the function @(x) is given in Fig. 4. It can be rigorously verified that the
function (A?(x) is unimodal for % <z <1, so —1 is the only value attained by this
function more than twice in the range 0 < < 1. The value —1 is attained at every
0<z<j,atx=1=(v5-1)/2, and at z = ¢/ ~ 0.926812.

Since ¢y’ ~ 0.572801 > J, we do not have Gpy') = —1. I G(z) = G(y) = G(ay)
for é < x,y < 1, then we must have x = y. All of the extremal points must therefore
lie on the diagonal of the unit square. A graph of the function

&o,2) -2 =1 m,7, it l<a
xT,x) =
(L=1)"m, 7, —2(1=1)’m,7, if Y<z<1

x
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is given by the solid line in Fig. 3. It can be checked that x = y = v is indeed a local
minimum and its value is 0. There is also a (global) maximum at z = y ~ 0.881135.
We conclude that the required inequality is therefore satisfied on the diagonal z =y
and consequently in the whole of the unit square. a

Appendix B. Proving the required properties of L(x,y). Before proving
Lemma 6.4, we establish some properties of the function ¢(x,y). In what follows, we
will always assume that z,y, x1, y1, Z2, and yo are in the interval (0, 1), although we
will not always write it explicitly.

LEMMA B.1.
L. Uz,y) 2 (1 —y,1—x) Ve<y<l-u,
2. Ux122, y1Y2) < L(x1,91) + (T2, Y2) Vo, <y, w2 <y,
3. A1 —yiy2, 1 —a1w0) <UL —y1, 1 — 1) + (1 —y2,1 —22) Va1 <yp, 22 < yo.

Relying on Lemma B.1, we can now prove Lemma 6.4.

Proof of Lemma 6.4. The function L automatically satisfies the conditions L(z, y)
= L(y,z) = L(1 — x,1 — y). Therefore, we only have to prove condition 1 of Theo-
rem 6.1. The symmetric properties of L allow us to assume that z129 < y1y2. (Oth-
erwise, just change the roles of the x’s and the y’s.) We may also assume without loss
of generality that z1 <y;. (If 21 > y1 and xo > ys, then x129 > y1ys.)

As a consequence of first condition of Lemma B.1, we get that L(z,y) =
max{{(z,y),l(1 —y,1 —x)} for © < y. If 25 < ys, then

L(z172,y1y2) = max{{(z122,y1y2), (1 — y1y2, 1 — x172)}
< max{l(z1,y1) + £(x2,y2), {(1 —y1,1 —x1) + (1 — y3, 1 — x2)}
< max{l(z1,y1),4(1 —y1,1 — 21)} + max{l(xa,y2) + £(1 — y2,1 — z2)}
= L(z1,51) + L(22,92).

In the passage from the first line to the second above, we used conditions 2 and 3 of
Lemma B.1.

To finish the proof, note that if z < 2’ <y’ <y then L(z',y") < L(z,y). This is
easily seen since both {(z,y) and ¢(1 — y,1 — x) are decreasing in = and inceasing in
y. If o > yo, we have

< L(z1y2,Y1Y2)
< L(z1,y1) + L(y2, y2) = L(z1,y1) +0
S L('rhyl) +L(.1327y2).

L($1$2,y1y2)

This completes the proof. 0

We now turn to the proof of Lemma B.1.

Proof of Lemma B.1. 1. We have to show that ¢(z,y) — (1 —y,1 —z) > 0 for
0<zx<y<l—uz Ify=xory=1-—x, then we have equality. Therefore, the claim
will follow if we can show that ¢(z,y) —£(1 —y, 1 —x) is decreasing in x. We therefore
have to show that

0 1 In! 1 lnli
— 41—y, 1— = — 1 T4+l + . Y <o.
Ox [z, y) = (1 —y, z)] x (nlnglj > 1—2 In 1ix =0

This claim is easily verified for y = x (since z < é and therefore —i + 1:7: <0). It

would therefore be enough to show that the above derivative is decreasing in y. We
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therefore have to show that

0? 1 1 1 1

ayax[g(xay)ig(lfyalfx)}:7 <0

xyiln; * (1—w)(1—y).ln11w -

or, equivalently, that

This is easily verified since the function ,

a further differentiation using the inequality In i >l—y)andy<1-—uz.
2. A simple manipulation shows that

Ey In ; is increasing in y (this follows from

Uz1m0,912) — U221, 91) — L(T2,Y2)

1

In | \
1 In 1212 L+ In le In ;2 In zli
=—In - : 1+ In A -In '

o1 1+ In ’”12 o In 112
xq] xq
We let
In 112 In 3112
" In '’ v Int-
x1 Y1
To prove claim 2, we have to show that
14+ v

f(u,v)=(1+u)ln1+u—ulnu >0

for every u,v > 0. This follows since the required inequality holds (with equality)
if u = v, and it can be easily verified that f(u,v) is increasing in u if v > v and
decreasing in v if u < v.

3. We have to show that £(1—y1y2, l —x129) —€(1—y1,1—z1)—l(1—ys, 1 —22) <0
for0 <z; <y; <land 0 < a3 <y < 1. We will prove this inequality in two stages:

01— yry2. 1 — zy@a) — 01— y1, 1 — 21) < U1 — y1ya, 1 — y122)
and
01— y1y2, 1 —ynaa) < (L —y2,1 — z2).

To obtain the first inequality, we show that (1 — y1y2, 1 — x122) — (1 —y1,1 —21) is
increasing in ;. We have to show that

1 1
0 Ty g rp Ing o
((1—y 1y, 1— —l(1=y1,1—21)] = — : yiv2 : >0
o oy (=1 122) (1= 71)] 1—2z122In 17;1“ 1—2z1In 1jm1 o
This inequality holds since
_ 1 —
| 1 <1 1 1—z122 In 1 S T In 1

n n b) - .
l=vyiy2 = 1-wm 1T 1—xm9 ) 1—m
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The second condition follows again from the fact that the function 1;3” In 1ix is
decreasing in x.

To obtain the second inequality, we show that ¢(1 — y1y2,1 — y122) is increasing
in y1. We have to show that

o In. ! T In, !
m 8y1 f(l — Y1y, 1— yle) _ Y1Y2 (hll 1 ?i1y2 + 1> _ Y12 1 y11y2 > 0.

1-— Yi1Yy2 n 1—y12s 1-— Y1T2 In 1—y1z2

This can be done using similar methods. a

Appendix C. Proving Claims 7.4-7.8. To simplify the proofs of the claims
involving M (zx,y), we first show how to bound this function using a slightly sim-
pler expression. To this end, we define the function m(x,y) by replacing the two
appearances of the constant v in the definition of m(z,y) by the constant 1:

iz, y) = [(m i)l/a - (m ;)UQ] )

On next lemma shows that C - m(z,y) can serve as a lower bound for M(z,y).
LEMMA C.1. M(z,y) > C-m(z,y) for every 0 <z <y < 1.
Proof. Consider the function g(z) = z(In 1)/, It is easy to verify that g(z) >
G(z) for every 0 < x < 1. As a consequence, we get that

/ Y o du / Y du
» G(u) « 9(u)

When y is bounded away from 1, the bound just given is tight up to a constant
factor.

We now proceed with the proof of Claims 7.4-7.8.

Proof of Claim 7.4(a). Since all the functions and regions involved are symmetric
with respect to the lines y = x and = 4+ y = 1, it is enough to prove the claim for the
region (C\A)N{zr <y <1—z} =(C"\A)N{xr <y <1—=z}. In this region, we have

«

¢ =C-m(x,y). 0

= qo

C

M(zx,y) = o

- 1 In ! e “ 1 In!
M(z,y) > C-m(z,y) =C-In _ - 17(1111{) , L(x,y) =L(z,y) =In_-In 7.
x Y

Letuzlni/ln; and note that in (C"\ A')N{zr <y <1-x} we have 2 < u < 6.

We therefore have
1\1/a]® 1\1/a]®
P I S YO

1. a
L(z,y) — Inu - In6 >

Proof of Claim 7.4(b). Again, because of the symmetries involved, it is enough
to prove the claim for (z,y) € A"\ A N{z,1 —z <y} ={/z <y <xz(2—1z)} Note
that in this region 1 — ¢ < x < 1, where 1 = (v/5 — 1)/2 ~ 0.62. We now have

M(z,y) =M(A-y1-2)2C-m(l-yl-2)=C {(ln 1iy)1/a B (ln 1ix)1/aré.

Since both functions are increasing in y, we have

min M (z,y) y ©md- Vel -g)
@VEANA" pp y) T1y<a<t Uz, 2(2—2)
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It can be checked that the minimum on the right is obtained at x ~ 0.930677 and its
value is about 2450.5 > 1. We will not give the (tedious) proof of this fact here. We
will show instead that lim,_,1 m(1 —+/z,1—2z)/l(x,2(2—x)) = +oo. This shows that
the minimum appearing in the statement of the claim does exist and that its value
is strictly positive. This would be enough to show that there exists a constant C' for
which the claim is valid. To that end, we note that as z — 1, we have

1/ 1/a\ ¢
1 1 ~ 1
<<ln 17\/1’) — (hl 1—37) ) ~ (ln 1:1)04//33

1 1
nllnm, "2 ~((1-2z)ln
1
z 0 (2—a)

1
1—x’

where the sign = here means that the quotient of the two sides tends to a positive
constant as x — 1. Therefore,

m(z,x) 1

=~ +00
_ 14a/8
Uz, z(2 —x)) (1-2) (ln 1ix)
as x — 1, as promised. a
Proof of Claim 7.5(a). The proof is immediate from the definition of A’. O

Proof of Claim 7.5(b). It is enough to prove the claim for the upper boundary
of A", which is (z,z(2 — z)) for 0 < z < 1. To show that (zf,z!(2 — z)!) € A", we
have to show that zt(2 — 2)! < 2*(2 — a!) or, equivalently, that 2t + (2 — z)? < 2 for
every 0 <z <1 and 0 <t < 1. To see this, note that equality holds for ¢ = 0 and
t =1 and that ' 4+ (2 — z)? is convex as a function of ¢ since its second derivative is
(Inz)?z' + (In(2 — 2))%(2 — x)t > 0. 0

Proof of Claim 7.6(a). The proof is immediate since A'C' C C'C' =(C’. O

Proof of Claim 7.6(b). The upper boundary of (A"N{z+y > 1})(B"N{z+y > 1})
is all products of points on the upper boundary of A”N{x+y > 1} and B"N{z+y > 1}.
We therefore have to show that (z1,1 — (1 — 21)?)(w2,1 — (1 — 22)%) € C”, ie.,
[1—(1—21)?][1—(1=22)* < 1—(1—2122)%, whenever 21 > (1—x1)? and x5 > (1—x9)%.
This is easily verified. In fact, the claim remains true even if the exponent 6 is reduced
to about 5.34. O

Proof of Claim 7.7(a). It is easily checked that

d 1 In ! 1 In 1
E(xlt.’lfg, yltyg)‘ =In In If +1] —In . m12
dt t=0 T In s Y1 In e

and that this expression is nonpositive iff

In ;2
In mll < In y12 _ v
L= In ! 1 1’
M ln(lix{")Jrl nvt
Y2
where v = In 9612 /In ;2. Since (z1,y1) € A’, we have u < 2. Since (z2,y2) € {x <

y}\C’, we have v > 6, and it is easy to verify that this implies v/(Inv+1) > 2. O
Proof of Claim 7.7(b). Simple manipulations yield

In Inu

d 1
(1 —yltyz»l—iﬁtxg)‘ =—In  -(u—1) <1n1
n

U 1
1 1 (v—1
dt t=0 Y1 v N > T (w=1)

b
T Inv
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where v = ;! and u = 1_1y2. Also let w = (u — 1)(In(lnw/lnv) + 1). By the

11—z
definition of B”, we have v > v*. Note that x5 > 0 and y» > é (since (z2,y2) €
{zx+y>1,2 <y}) and therefore v > 1 and u > 2.
It can easily be checked that the conditions w > 2,v* and v > 1 imply that
(u—1)Y3/Inu > L.v~1 (Note that for v large enough this is obvious. The constant

2 Inv
é was added to make the inequality valid for smaller values of v.) In particular,

- 2
2(u—1)"3 <
< (U ) = (1n4+1)1/3

1 .
(v—1) e St/ < 1.5wt?

Inwv

(since w > (u — 1)(In4 + 1) and 2/(In4 + 1)/3 ~ 1.49666) and therefore

de 1 1
<—-In w+15In ~w/3,
dt lt=0 U1 T
Note that w > In4 + 1, so if
1.5In *
1 L7 < (Ind+1)Y3 < w?/3,
n
Y1

then %|,_o. < 0. This proves the lower part of the claim since (In4 + 1)%/3/1.5 ~
1.19049 > 1.15.

To get the upper part of the claim, we note that the expression —In ' - w +
1.5In | -w!/3, considered as a function of w, is maximized when w = (In ! /2In " )3/2.

(This follows easily by differentiation.) Plugging this into the expression, we get that

3/2
(ln zll)

=0 = 1/2°
(2 In yll)

Next, it is easily verified that if (z1,31) € A" N{x,1 — 2 < y}, then In yll >
3(In )% (In fact, the minimum of In ! /(In ! )* over this region is attained at the
point (x1,y1) = (1 — 1, %), and its value is about 0.519.) We thus easily obtain

3/2
In ! 1/4
o B )
Y1

—0 1/2 —
dt li=0 (2111 1)

Y1

al
dt

as required. a

Proof of Claim 7.8. Since M(x,y) is increasing in y, it is enough to prove
that M (z,z?/11%) > (,2.In 1)V/4 for every = such that  + /115 > 1, je, z >
0.47579..... We will content ourselves by noting that lim,_.; M (z, z1/*1%)/(In 1 )1/* =
~+00, which shows that the claim is valid for a sufficiently large choice of C'. This limit
can be obtained using essentially the same asymptotics as those used in the proof of
Claim 7.4(b). Using some more uninspiring work it can be verified that the minimum
of m(1 — /115 1 —2)/(,%. In 1)!/4 is attained near z = 0.999877 and its value is
about 1.84 x 1076, 0

We note that the huge value of C' was required only in the proof of Claim 7.8.
For Claim 7.4, a much more modest value would have been enough. Also, no attempt
to obtain the optimal value of C' was made. We are sure that using a tighter yet even
more tedious analysis, a much smaller value of C' can be shown to suffice.
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MINIMAL ASCENDING AND DESCENDING TREE AUTOMATA*
MAURICE NIVATT AND ANDREAS PODELSKI#

Abstract. We propose a generalization of the notion “deterministic” to “l-r-deterministic” for
descending tree automata (also called root-to-frontier). The corresponding subclass of recognizable
tree languages is characterized by a structural property that we name “homogeneous.” Given a
descending tree automaton recognizing a homogeneous tree language, it can be left-to-right (I-r)
determinized and then minimized. The obtained minimal l-r-deterministic tree automaton is charac-
terized algebraically. We exhibit a formal correspondence between the two evaluation modes on trees
(ascending and descending) and the two on words (right-to-left and left-to-right). This is possible
by embedding trees into the free monoid of pointed trees. We obtain a unified view of the theories
of minimization of deterministic ascending and l-r-deterministic descending tree automata.

Key words. tree automata, minimization, Nerode congruence
AMS subject classifications. 68Q68, 20M35

PII. S0097539789164078

1. Introduction and synopsis. Automata on finite trees come up in various
areas of computer science (compiler generation [13, 16, 25], type theory [19, 30, 28],
constraint solving [3, 14, 15, 24, 31], rewriting [6], etc.) as a generic decision tool for
problems over finite trees. Historically, their first application was a decision problem
over strings, namely for monadic second-order logic formulas interpreted on the finite
tree as a finite subset of the free monoid [7, 33].

The theory of tree automata and recognizable sets of trees has been introduced as
a (seemingly) natural extension from the string case. The extension consists of going
from unary to n-ary algebras, in the algebraic view of trees, or from one to multiple
successors, in the logical view of the tree as a model. Recent works on structural
properties of sets of finite trees [34, 17, 18, 32, 27], however, have exhibited some
difficulties in carrying this extension further. The essence of the difference between
strings and trees has not been revealed yet.

One important difference comes from the well-known fact that one cannot de-
terminize every descending tree automaton.! In the string case, the direction of
evaluation is usually assumed to be left-to-right, but this does not affect the family
of recognizable languages. For the extension from the word to the tree case, where a
word fga is considered a tree f(g(a)), it is the right-to-left evaluation which corre-
sponds to the ascending? tree automaton. An automaton of this kind can always be
transformed into a deterministic one which recognizes the same tree language. A fi-
nite deterministic ascending tree automaton is an algebraic notion (the quotient of the

*Received by the editors April 3, 1989; accepted for publication (in revised form) April 13, 1995.
This research was supported in part by the CNRS in the PROCOPE program in which the authors
participated in cooperation with L. Priese, University of Koblenz, Koblenz, Germany.

http://www.siam.org/journals/sicomp/26-1/16407.html

TLITP, Université Paris 7, 2 Place Jussieu, F-75251 Paris cedex 05, France (maurice.nivat@
litp.ibp.fr).

fMax-Planck-Institut fiir Informatik, Im Stadtwald, D-66123 Saarbriicken, Germany (podelski@
mpi-sb.mpg.de).

n our graphical representation of a tree, its root is on the top. Hence descending or top-down
correspond to the more precise, but somewhat lengthy, identifier root-to-frontier which is used in
[12].

2And ascending or bottom-up correspond to frontier-to-root.

39
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tree algebra by a congruence with finitely many classes), and we can apply algebraic
concepts in order to implement minimization.

Descending tree automata have, to our knowledge, not yet been investigated using
algebraic concepts and methods. They are important, however, since they correspond
naturally to tree grammars and rewriting systems. Certain type systems, for example,
employ a class of tree grammars which correspond to deterministic descending tree
automata [14, 36, 19]. Also, this lack of algebraic concepts [9, 26] is one of the reasons
why the extension of the decision problem of [7, 33] to the infinite tree is so involved
[10, 21] (obviously, the ascending evaluation is not possible here).

The minimization of the deterministic descending tree automata is done in [11]
with a nonalgebraic state-reduction method. The class of corresponding tree languages
is characterized as a proper subclass of the recognizable ones by the structural property
called path closed in [35] and tuple distributive in [19]. This class is investigated in a
logic framework in [34].

Given the lack of a suitable algebra framework for descending tree automata,
we propose a monoid framework. Namely, we consider tree automata as automata
on strings, i.e., elements of a suitable free monoid. Then ascending and descending
correspond exactly to right-to-left and left-to-right, respectively.

In section 2, we introduce this monoid. Its elements are called pointed trees. It is
freely generated by (infinitely many) basic pointed trees. For every set of trees L one
can construct a set L of pointed trees. One principal idea in this paper is to apply
the formal framework of free monoids and the one-to-one correspondence between the
sets L and L on descending tree automata.

Pointed trees are related to special trees in [20, 34] or to terms over the free ¥
algebra with exactly one occurrence of one variable. A free monoid structure, however,
has not been exhibited. Also, the construction of the set L from L is new.

In section 3, the representation of the minimization of deterministic finite as-
cending tree automata is novel in that the Nerode equivalence is defined on the free
monoid of pointed trees. This allows us to extend the word case in the very direct
way to the tree case. In fact, the only extension necessary is the one from a finitely
to an infinitely generated free monoid.

By constructing the response function \ from the transition function A, we assign
essentially a word automaton to an ascending tree automaton, since the arguments
of \ are a state and an element of the free monoid. The evaluation of that word
automaton is a right-to-left one.

We recall that the standard way of defining the Nerode equivalence consists of
using algebra congruences. There, the extension from the word to the tree case is
the one from unary to binary function symbols for the signature of the algebra. This
implies that the Nerode equivalence is viewed as a congruence on an (in the word case,
unary) algebra. In contrast, we view the Nerode equivalence as a semicongruence (or
right congruence) on the free monoid, in the word as well as the tree case.

It is a well-known result (attributed to Hall in [2]) that, in the algebra framework,
translations can be used for defining the greatest congruence ~j saturating a given
subset L of the algebra. This has been exploited for tree automata in [12]. We have
pushed the result one step further by defining a relation ~; on translations themselves
and by exhibiting a free monoid structure on the set of translations in the free algebra
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(which correspond to pointed trees). To summarize, section 3 uses the concept of
left-invariant monoid semicongruences in order to define the minimal deterministic
ascending tree automaton.

In section 4, we construct the response function \ from the transition function
A of a descending tree automaton. By this means, we assign it a word automaton
with left-to-right evaluation. Using the response function, the characterization of the
acceptance of a tree by a descending tree automaton becomes now concise and natural.

In section 5, we use the response function \ to introduce a new version of deter-
minism for descending tree automata, defining it by the condition card(A(...)) = 1.
Generally, in automata theory it does not matter whether one requires the transition
function A or the response function \ to be deterministic: the two conditions are equiv-
alent. Here, however, we obtain the notion of l-r determinism which is strictly more
general than the standard notion of determinism for descending tree automata. That
notion is based directly on the transition function, being defined by card(A(...)) = 1.

The class of tree languages which are recognized by l-r-deterministic finite de-
scending tree automata strictly includes the class of tree languages which are recog-
nized by deterministic ones but is itself included in the class of all recognizable tree
languages. It can be characterized by a structural property that we will introduce.
We call it homogeneous.

A theory of minimization of descending tree automata can seemingly not be based
on the concept of algebra congruences. Given the presentation of minimization in
section 3, we will use the fact that l-r-deterministic descending tree automata can
also be embedded in the monoid framework. Namely, since they read the “words”
of the free monoid X(#) deterministically in left-to-right fashion, they induce a right-
invariant monoid semicongruence on X(#). It comes as no surprise now that we will
define the Nerode equivalence relation that yields the states of the minimal descending
tree automaton of a homogeneous tree language in the same way as is done for word
languages [9]: we just have to apply this method on the language L of words of %(#)
that corresponds to a tree language.

In section 6, we show the existence of a minimal l-r-deterministic finite descending
tree automaton A(L) for every homogeneous recognizable tree language L. This
automaton is minimal in the algebraic sense (using automata morphisms) and thus
also in the number of states. It is reduced and unique up to isomorphism. Its states
are the equivalence classes of the new descending Nerode equivalence of L which we
introduce.

These results applied on path-closed tree languages yield (minimal) deterministic
descending tree automata. For an arbitrary tree language L, we still can define A(L),
which characterizes through its finiteness the recognizability of L.

For showing this last result, we just have to connect the two theories of minimal
ascending and descending tree automata of a tree language L (not necessarily homo-
geneous and not necessarily recognizable). If and only if L is recognizable, then the
language Lisa recognizable subset of the free monoid ¥(#) and so is its reverse (the
set of mirror images of its elements). Hence the minimal automaton recognizing L
with right-to-left evaluation is finite and so is the one with left-to-right evaluation.
The first one can be transformed into an ascending tree automaton which recog-
nizes L. The second one can be transformed into a descending tree automaton which
recognizes L if L is homogeneous. In both cases, one obtains hereby the minimal
automaton in that class. In general, the descending tree automaton obtained by the
transformation recognizes the smallest homogeneous tree language containing L.
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FI1G. 2. The trees to and t3 = t1 + 21to.

2. Tree monoids. For ease of notation, we only consider the case of binary
trees on an unranked alphabet .3 This is the most standard case. One can give
encodings of n-ary into binary trees as in [5, 8]. Also, the results of this article are
straightforwardly extended to the general case. A (binary) tree domain is a set D
of finite strings over 1 and 2 (which form the free monoid generated by {1, 2}, hence
D C {1,2}*) such that for every element fg € D also f € D. A subset of a free
monoid with this closure property is called left factorial (cf. [1]).

A (finite, binary-ordered, labeled) tree on the alphabet ¥ is the pair ¢ =
(Supp(t),t) formed by its support, which is a finite tree domain, Supp(t) Cgnite
{1,2}*, and its labeling function, which goes from its support into the alphabet,
t: Supp(t) — %.

We call ©# the set of trees on . The elements of Supp(#) are the nodes of the tree
t. Hence a node is identified with the string which corresponds to the path leading to
it, where 1 and 2 stand for a step to the right and to the left, respectively. The tree t;
given by Supp(t;) = {¢,1,11,12,2,22} and t; = {(e, F), (1,C), (11, A), (12, B), (2, E),
(22, D)} is presented in Figure 1.

We call the border of ¢ the set B(t) = {fi| f € Supp(¢),i € {1,2}, fi & Supp(t)}
of all nodes “just outside the tree.” Thus we might consider the border nodes as the
unlabeled leaves of the tree. The border of the tree depicted in Figure 1 is the set
B(t;) = {111,112,121,122,21,221,222}. The height of a tree ¢ is the maximal length
of a string in B(t).

The empty tree, denoted (, is the tree whose support is empty, Supp(Q) = 0. Its
border is conveniently defined as B(2) = {e}. A punctual tree is a tree of the form
t = ({e},t) consisting of exactly one node. If this node is labeled by a € ¥ (i.e.,
%\(5) = a), then t is simply denoted a. By this identification, ¥ C ¥#. The border of
a punctual tree a is B(a) = {1, 2}.

Given two trees t, t' € ©# and a border node f of the tree t, f € B(t), the sum
of t and t' at f is the result of attaching ' to ¢ at f [22]. Formally, it is the tree

3From now on, we assume the alphabet 3 given fixed. Hence we may simply use trees, automata,
etc., for trees on X, Y-automata, etc.
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s=t+ ft', where

Supp(s) = Supp(t) U {ff'| " € Supp(¥')},

Ag) = t(g) if g € Supp(),
PEANRGY) g =fr € Supp(t).

For example, if t5 is the tree to the left in Figure 2, then t3 = t; + 21t is the tree
to the right. Clearly, every tree t € ©# can be represented as the sum of punctual
trees a € ¥ C X#. This motivates the use of the symbol # for the set of trees,
in reminiscence of the star operator * for the set of strings. Our formalism reflects
a geometric view of trees and their composition, as opposed to the standard one of
substitution of terms.

We consider a tree t together with a fixed node f from its border. We shall call
the pair (¢, f) a pointed tree and f its pointed border node [23, 24]. The set of all
pointed trees is denoted by Z(#).

If we attach to the tree ¢ with pointed border node f the tree ' with pointed
border node f’, then the path of ¢ leading to f is continued with the path of ¢ which
leads to f’. The resulting path leads to ff’, which is in the border of ¢t + ft'. It
thus seems natural to take as the result of this composition the tree t 4+ ft’ with the
pointed border node ff’. We thus obtain the tree monoid

# ={(t.f)|te ¥, f e Bt)},
where the composition of the pointed trees (¢, f) and ¢, f’) is given by

(t’f)(t/af/) = (t+ft/7ff/)'

Clearly, the composition is associative and has (£2,¢) as its neutral element. This
operation can also be defined through the wreath product of two suitable monoids
[29].

The following set of basic pointed trees will be of particular interest in the fol-
lowing.

C={tfex®|f=1 or f=2}.

Every element of (¢, f) € T is either of the form (a + 2¢',1) or of the form (a + 1t/,2)
for some a € ¥ and #' € ¥#. In this notation, we use again that ¥ C %%,

The set I' consists of all pointed trees, different from the empty tree, which can no
longer be decomposed into pointed trees other than themselves and the empty tree.
This implies that X(#) is not finitely generated. The tree monoid X(#) is, however, a
free monoid. Every pointed tree has a unique representation as a product of elements
of T.

Given a set of trees L C %%, we define the set L C X(#) of all its trees with a
pointed border node

~

L={(tf)|teL,feB)}

Clearly, this yields a one-to-one mapping from sets of trees to sets of pointed trees.
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3. Ascending tree automata. A [finite] (nondeterministic) ascending tree au-
tomaton A = (Q, A, qo, Qsin) is given by its [finite] set of states @, the initial state
qo € @, the set of final states Qg, C @, and its (nondeterministic) transition function

A:Q xQ xX—P(Q).

A computation of A on a tree t € L7 starts by associating all border nodes (the
“unlabeled leaves”) of ¢t with the initial state. It proceeds by associating a node
f € Supp(t) with a state ¢ € A(q1,qo,a) if the node f is labeled with a € ¥ and
its left and right descendants f1 and f2 are already associated with states ¢; to the
left and g2 to the right (here f1 and f2 might be border nodes). A difficulty for
the intuitive understanding of tree automata might be that this description of the
evaluation of a tree does not yield an explicit algorithm. In fact, one can imagine
different evaluation orders; of course, a state can be associated with a node only after
this has been done for its two direct descendants, and so on.

Formally, a computation on a tree t is a tree S which has the same nodes as ¢ plus
its border nodes and is labeled, not over ¥ but over Q; i.e., S € Q¥ and Supp(S) =
Supp(t) U B(t) and

VieBt): S(f)=q,
Vf €Supp(t): S(f) € M(S(f1),5(f2),f)),

A tree t is accepted by A if the result of the computation of A on t, the state that it
associates with the root of ¢, is a final state. A tree language L C X7 is recognized
by A, L = L(A) if L is the set of all trees ¢ which are accepted by A. It is called
recognizable if there exists a finite tree automaton that recognizes it.

We now consider the result of a computation of A on ¢ which starts at some given
border node f € B(t) with a given state ¢ € @ but at all other border nodes of ¢ with
the initial state. Formally, we define the response function A 2@ Q — PQ),
where A(t, f, q) is the set of all states S’\(s)7 where S is a computation of A on (¢, f)
starting with ¢; that is Supp(S) = Supp(t) U B(¢) and

S(f) =q,
Vg e B(t)—{f}: S(g) =,
Vg € Supp(t) :  S(g) € M(S(g1), 5(92),1(g)).

(1)

Using this function we get a simple characterization of the fact that L C v# s
recognized by A, namely via the correspondence L < L.

L=LA) #L={tf)IAE ) € Qrn}-

We remark that :\\(t, fra) = :\\(t, f',qo) for all f, f' € B(t). This invariance will not
hold for the response function of descending tree automata which we will define in
the next section.

If we set A(t, f,q0) = S\(t), we obtain a function X : ©# — Q which characterizes
the set of recognized trees as L(A) = A*(Qgn). Both X and X can also be defined
recursively.

We define the ascending tree automaton A to be deterministic if its response
function A is deterministic, i.e., a function into the set of states Q. (We view @ as
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a subset of P(Q), identifying a singleton with its element.) This coincides with the
standard condition that A be deterministic.

We recall that an equivalence relation ~, here on the tree monoid L#) | is a left-
invariant semicongruence if (t1, f1) ~ (t2, f2) implies (¢, f)(t1, f1) ~ (¢, f)(¢2, f2) for
all (¢, f) € #). Also, ~ saturates the subset L € X of the tree monoid if L is the
union of some of its equivalence classes, i.e., (t1, f1) ~ (t2, f2) implies (1, f1) € L iff
(ta, f2) € L. Finally, a relation ~q is coarser than another one ~g if x ~9 y implies
T ~1 y; i.e., the relation ~; as a set is included in ~s.

DEFINITION 1. The Nerode equivalence of a tree language L C X%, denoted
~r, 18 the coarsest left-invariant semicongruence on the tree monoid Y#) which sat-
urates L.

Another way to characterize ~, is to define that (¢1, f1) ~p, (t2, f2) iff

V(t, f) € SH) (¢, f)(tr, fi) €L iff (L, f)(t2, f2) € L.

We say that two pointed trees (¢, f) and (¢, f') are border equivalent iff t = t'. We
observe that border equivalence is coarser than the Nerode equivalence of any tree
language, i.e., always (t, f) ~r (¢, f’). This will not hold for the descending Nerode
equivalence that we will define in section 5.

THEOREM 1. The tree language L C X% is recognizable iff its Nerode equivalence
~y, on the tree monoid has a finite index, which means that the set

= = {6 Pl | (4. ) € 59}

is finite. This set is the set of states of the minimal deterministic finite ascending tree
automaton of L (which exists uniquely for every recognizable tree language).

Proof. Given that card(E(/ﬁL) is finite, we can define a deterministic finite ascend-
ing tree automaton AL = (QL, AL, ¢k, QL ) by QL = ) gk = [(Q,e)]~,, QL =

/~L

{{t, N~ (8 f) € LY, and XE([(81, f1)]~ys [(t20 f2)l~y @) = [(a + 1ty + 262, 1f1)] -

Using the property mentioned above, one proves that the definition of A" is well
founded and that AL(t, f,q0) = [(¢, f)]~,- This shows one direction, since a tree t is
accepted by ALY if AL(¢, f,q0) € QL .

Conversely, consider a deterministic finite ascending tree automaton A =
(Q, \, qo, Qsn) which recognizes the tree language L C ¥#. We can attach to A
the relation ~4 on X#) defined by (¢, f1) ~a (to, f2) iff X(tl, fi,q0) = X(tg, f2,40)-

The following property proves that this equivalence relation is left invariant. It
says that A respects the composition of the tree monoid:

At F A, F,0) = A& HE ). a)-

This equation implies that A((¢, f)(t1, f1),q0) = M (& f)(t2, f2),qo). The left invari-
ance of ~4 implies that ~j is coarser than ~ 4, which means that card(Eny) <

card(E(#) ). However, card(Z(# ) < card(Q), and this again implies that the Nerode

/~a /~a
equivalence ~, has finite index and that A" has the minimal number of states among
all deterministic finite ascending tree automata recognizing L. |
A stronger notion of minimality than the one based on the number of states is
the following algebraic one. An automaton A is called minimal in a given class of
automata iff every equivalent automaton A’ in the class can be mapped onto A by
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a corresponding automata morphism. Here a morphism 7 from A = (Q, A, g0, Qfin)
onto A" = (Q', N, q)), Qf,) is a surjective mapping from @) onto Q" which satisfies that
7(A(a1, 42,0)) = X (r(q1), 7(a2), 0, 7(d0) = Gy and 7(Qsn) = Q- It is not difficult
to show that A" is minimal in the algebraic sense.* R

COROLLARY 1. A tree language L is recognizable iff L is saturated by a left-
invariant equivalence relation ~ on the tree monoid X#) which has finite indezx. d

4. Descending tree automata. A [finite] (nondeterministic) descending tree
automaton A = (Q, A\, qo, Qsin) is given by its [finite] set of states @, the initial state go,
and the subset Qg, of @ of final states and the (nondeterministic) transition function

A QX T - P(Qx Q).

We will carry over the notions from the case of ascending to the case of descending
tree automata and sometimes use the same notation.

A computation of A on a tree t now starts at its root by associating the initial
state with this node. At each node with, say, label, A € ¥ and already associated
state ¢ € @, the computation proceeds by choosing nondeterministically a pair of
successor states (g1,q2) € A(g,a) and associating ¢; and go with the left respective
right son (“descendant”) of this node.

Formally, we define a computation on t to be a tree S € Q# with support
Supp(S) = Supp(t) U B(t) which satisfies the following conditions (instead of (1)
for the ascending tree automaton).

§(E) = qo,
VfeSupp(t):  (S(f1),5(f2)) € AS(f), 1))

The computation of A on t is called successful if it associates all border nodes with a
final state, i.e., S(g) € Qgn for all g € B(t). A tree t is accepted by A if there exists
a successful computation of A on ¢. The tree language L recognized by A, L — L(A)
is the set of all accepted trees.

It is not evident how one can define a function that describes the evaluation of a
tree by a descending tree automaton. We can, however, describe the evaluation of a
pointed tree by defining the response function X : Q x X#) — P(Q) of a descending
tree automaton as follows. (Note that we changed the order of the arguments of the
response function of the ascending tree automaton.)

Na,t, f) = {§(f) | S is a computation on t,
S(e) =q,
Vg € B(t) = {f}:5(9) € Qan}
That is, ¢’ € X(q,t, f) if ¢’ is the state at the border node f of t obtained by a
computation of A on t which starts at the root of ¢ with the state ¢ and which ends
at all border nodes other than f with a final state. We also say that ¢’ is the result
of a computation on the pointed tree (¢, f) starting in q.

We define the set of all pointed trees such that the response function assigns them
a final state:

Eq:{(tvf)‘/)\‘(Q7taf)mth7£®}

4When considering the algebraic notion of minimality of automata, one excludes automata with
nonaccessible states (a state is accessible if there exists a computation in which it occurs).
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We can characterize the tree language recognized by A by fq\o as follows:

L=L(A) iff L={(t.f)|Nao.t. f) N Qsn # 0}.

If we define L, = {t € 5% | (t, f) € f/;} (where it does not matter whether we require
(t,f) € Z; for at least one or for all f € B(t)), then we obtain that £(A) = Lg,.

The following property expresses the “associativity of computation” for descend-
ing tree automata.

~

(2) AN @t f),5,9) = Ma. (t. f)(s.9))

For this equation we assume the canonical extension of the response function from
states to sets of states. Its proof proceeds by induction on the structure of (t, f),
using the recursive definition of Y

We use the response function in order to define some standard automata prop-
erties for a descending tree automaton A in a concise way. A state ¢ € Q is called
accessible if there exists a pointed tree (t, f) such that A(qo,t, f) 3 ¢, i.e., an “else-
where successful” computation on ¢ can reach this state at the border node f. For the
concept of minimality of section 6, we need to assume that the states of the automata
considered are all accessible. The state ¢ is called coaccessible if there exists a pointed
tree (¢, f) such that A(q,t, f) N Qan # 0; that is, there exists a successful computation
on t starting in this state. The automaton A is called trim if all states are accessible
and coaccessible. Of course, every finite descending tree automaton can be effectively
transformed into an equivalent trim one. Two states g, qd €qQ are called separable if
there exists a pointed tree (¢, f) such that A(q,t, f)NQsn = 0 and A\(¢', ¢, )N Qan # 0,
or vice versa. The automaton A is called reduced if all states are pairwise separable.

Finally, we call two states ¢,¢' € @ disjoint if L, and L, are disjoint sets,
L,NLy =0.

The function A can also be defined recursively on the set of pointed trees X(#) by

Mg, 2,¢) = {a},
Mg, a4 1ty 4 29, 1f1) = U{A(q1,t1, 1) | 3g2 € Q : ta € Lyy, (q1,42) € Mg, @)},
X(q,a + 1ty + 2t0,2f5) = U{:\\(QQJLZ’ f2) 3¢ € Q :t1 € Ly, (q1,q2) € Mg, a)}.

Observe that the condition ty € Lg,, which is X(qg,tg, f2) N Qan # 0 for some fo €
B(t2), as well as the condition ¢ € L,, are checked by recursion since t; and ty are
smaller trees than a + 1¢1 + 2t;. We see that the recursive definition of h) suggests a
depth-first transversal of the tree ¢t to be evaluated: for each two direct subtrees t;
and to of a subtree at some node f of ¢, the subtree ¢ is traversed once a computation
on ty is successful.

5. Introducing l-r-determinism. We now define the counterpart of the notion
of ascending deterministic tree automata.

DEFINITION 2. A finile descending tree automaton A is l-r-deterministic if the
response function \ of A is deterministic; this means that, applied on any state and
any pointed tree, its value is a singleton. R

Formally, the defining condition means that card(A(q, t, f)) = 1 holds for all ¢ € @
and all (¢, f) € ©#). This is equivalent to the condition that card(X(qo,t,f)) =1
holds for all (¢, f) € ¥#) and to the condition that card(X(q,t, f)) = 1 holds for all
g€ Qandall (t,f) el
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a a 4
aAb c/‘\b dAc

Fic. 3. The trees of Lg.

One can express l-r-determinism also without using the response function, namely
by the following condition.”® Whenever there is a nondeterministic transition with two
successor state pairs, then the left successor states can be different only if the right
successor states are disjoint, and vice versa. Formally, this condition says that if

(q17QQ)7 (qllaQé) € )‘(qva’)7 then

1 #¢; implies Lg N Lqé 0,
0

q2 # q5 implies Lg, N Ly .

In particular, if the two left successor states ¢; and ¢ are different, then they are
disjoint; if they are equal, then the corresponding right successor states ¢ and ¢} are
also equal.

For the evaluation of an l-r-deterministic descending tree automaton, this means
at a node f of a tree t several transitions might still be possible; the successor state
to the right side, however, is unique for all the transitions that can be continued
successfully on the left side (and vice versa).

That is, whichever of the transitions (qi,q3),...,(q¥,q5) is chosen, where the
subtree ¢’ of ¢ starting at f2 is recognized by the right successor state (i.e., t’ lies in
Ly, ..., Lg), then the left successor state is the same (@t = =¢qb).

In order to compare the two notions of determinism, we consider the tree language
Lo={a+1la+2b,a+lc+2b,a+ 1d+ 2c} over ¥ = {a,b,c,d} depicted in Figure 3.
Clearly, Lo cannot be recognized by a deterministic descending tree automaton. If
(¢1,g2) were the only successor state pair in A(qo,a), then a,c € Ly, and b,c € Ly,
and hence also a + 1¢+ 2¢ would be recognized. The same reasoning can be made for
the tree language L = {a+1a+2b,a+1d+2c}. One can give simple l-r-deterministic
descending tree automata recognizing Lo and L{,. We will derive them in a way which
will serve later as an example for the l-r-determinization algorithm (from the proof of
Theorem 3) and illustrate its intrinsic difficulty.

The descending tree automaton Ay = ({qo,---,96,¢an}>q0s A, {gan}) recognizes
Lo if we set A(qo,a) = {(q1,92),(g3,94), (¢5,96)} and A(g1,a) = A(g2,b) = A(g3,c) =
A(qﬁlvb) = )‘(Q5ad) = )‘(%ac) = {(Qﬁnvqﬁn)}'

We now set P; = {q1,q93}, P> = {q2,94}, Ps = {q5}, and Py = {gs} and define
the descending tree automaton Ad = (P(Q), {q0}, A% Q%,.), where A\ ({g},a) =
{(P1, P), (Ps, Py)} and AP, 2) = {(qfin, gn) } if € L, for some ¢ € P; and Q%
{P € P(Q)IP N {asn} # 0}.

It is easy to see that A? is l-r-deterministic and recognizes Ly. For example, if
the subtree to the right side is the punctual tree b, then the successor state to the
other side is determined to be P;. Thus A({go},a + 2b,1) contains only the one ele-
ment P;.

5In a strict sense, this condition is not equivalent to the one in Definition 2 since it allows the
value of A\ to be a singleton or the empty set. The two conditions coincide if we identify the empty
set with the singleton containing a “trap state.” This identification is natural when one considers
minimal deterministic automata (which have either a partial transition function or a unique trap
state).
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The following lemma describes the set of successor state pairs (¢1,¢2) of a state ¢
at a node with some label a. For every pair, there exists a tree s = a+ 151 + 2s5 which
is accepted by the automaton starting in the state ¢, and the left successor state ¢ is
determined by the right subtree of any such tree (and vice versa, the right successor
state ¢o is determined by the left subtree of any such tree).

LEMMA 1. Let A = (Q,\ qo,Qsin) be a trim l-r-deterministic descending tree
automaton. Then

Mg, a) = {(q1,q2) | Fs1,50 € F : a+ 151+ 285 € Ly,

@ = MNg,a+2s2,1), q2=Aq,a+1s1,2)}.

Proof. We call K the set on the right-hand side. We will show \(g,a) C K first.
Let (q1,¢2) € A(g,a). Since A is assumed trim, ¢; and ¢o are coaccessible. Thus there
exist s1,$9 € L# such that

Vg1 € B(s1): Aa1,51,91) € Qgin,
Vga € B(s2) 1 Mgz, 52,92) € Qfin.

If we choose s = a + 1s1 + 2s2, then for g € B(s), say, g = 1g1, equation (2) implies
that A(q, s,9) = A(A(q, a+2s2,1), 51,¢1) and thus A(q, s, 9) € Qgn. Together with the
definition of X applied to X(q, a+ 2s9,1), X(q7 a + 1s1,2) this gives (q1,¢2) € K.

For the other inclusion, A(¢g,a) 2 K, let (g1, ¢2) be an element in K and the tree
s = a+1s1 +2s5 satisfy the condition in the definition of K. Then ¢; = X(q, a+2ss,1)
implies that there exists ¢ € Q such that (q1,4¢5) € A(g,a) and ’)\\(qé, s2, f) € Qfin for
all f € B(s2). Symmetrically, go = X(q,a + 1s1,2) implies that there exists ¢ € Q
such that (g2,q}) € A(g,a) and A(q}, s1, f) € Qgn for all f € B(s).

Finally, we use equation (2) and the fact that X(q, $,9) € Qnn holds for all g € B(s)
to infer the following. For all g; € B(s1),

X(qlu Slvgl) = /X(X(qva + 2827 ]-)7 Slvgl)

(qva + 1Sl + 232a 191) S Qﬁn

A

since g1 € B(s1) means that 1g; € B(s).

Thus s; € Ly, and hence ¢j € //\\(q, a + 1s1,2). The l-r-determinism then yields
g5 = q2. Symmetrically, ¢) = g1 and thus (¢1,¢2) € A(g, a). O

The following corollary expresses the connection between the left and the right
successor states in a pair (q1,¢2). Namely, the right successor state recognizes the
right subtree that, in turn, determines the left successor state, and vice versa.

COROLLARY 2. Let A = (Q, ), qo,Qsn) be a trim l-r-deterministic descending
tree automaton. Then

Mg a) ={(q1,q2) | 351 € Ly, : g2 = X(q,a +1s1,2),
352 € Lgy : 1 = Mg, a + 252, 1)}

Proof. We use the notation of the previous proof and call K’ the set on the
right-hand side of the above equation. We will show that K = K’. The direction
C says that a + 1s; 4+ 2s2 € L, implies ¢1 € Ly, and g2 € Lg,, but this is clear: if
a+1s1 + 2s2 € Ly, then there must exist (q7,¢5) € A(g,a) such that s; € Ly and
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53 € Ly Hence q; = X(q,a + 2s9,1) and ¢} = X(q,a + 1s1,2) and thus ¢} = ¢; and
93 = Q2. N

Now if g2 = A(¢,a + 1s1,2), then there exists ¢} such that s; € Ly and (¢1,g2) €
(g, a). Since g3 € Ly,,a+ 1s1 + 2s2 € L,. This shows the direction D. 0

We now introduce the structural property which, as we will show, corresponds to
the new notion of determinism.

DEFINITION 3. A tree language L C X# s called homogeneous if its mem-
bership relation is “subtree distributive” in the following manner. For all subtrees
51,89,t1,to € X7, all trees t € X% with border node f € B(t), and all labels a € %,
the conjunction of

t+ fla+1t; +2t3) € L,
t+f(a+181+2t2) erL,
t+ fla+1t; +2s9) € L

implies t + f(a + 1s1 + 2s2) € L.

Thus in a homogeneous tree language L, if one has the three pairs (t1,t2), (s1,t2),
and (t1, s2) for the left and right subtrees at the same node f of a tree in L, then the
fourth pair (s1, s2) also yields a tree in L.

Remark 1. A tree language L C X% is homogeneous iff for all sets of subtrees
L1, Lo, K1, and K5 such that the conjunction of

t+ f(a+1L1 +2Ly) C L,
t+ fla+1K; +2K,) C L,
(LlﬁKl#(Z) or LQQKQ#(Z))

implies t + f(a + 1(L; UK;) + 2(Ls U K3)) C L.

Proof. Let L be homogeneous and Ly, Lo, Ky, and K5 be as in the statement
with, say, u1 € Ly N Ky # 0. Given t; € Ly, t3 € Lg, 51 € K1, and sy € Ky, we will
show that t+ f(a+1s1 +2t3) € L and t+ f(a+ 1t1 +2s2) € L. The first follows from

t+ f(a+1s; +2s9) € L,
t+ fla+lu; +2s2) € L,
t+f(a—|—1u1 +2t2) e L.

The second membership statement follows from

t+ fla+1t; +2t2) € L,
t+f(a+1u1 +2t2) €L,
t+ fla+ 1uj +2s5) € L.

In order to show that the condition in the remark implies that L is homogeneous,
we take trees s1, sa, t1, and 3 as in the formulation of the definition and set K7 = {s1},
K2 = {tg}, Ll = {tl}, and LQ = {Sg,tg}. 0

The class of homogeneous languages contains properly the class of languages
which are called path closed in [12]. A path is a tree where each node has at most
one descendant. A path of a tree ¢ is a tree p with the same labeling on its support
Supp(p) C Supp(t). A tree is an element of a path-closed language L already if each
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of its paths is a path of some tree of L. This condition characterizes path closedness;
one can show that it is equivalent to the following:

t+ fla+1s; +2s9) € L,
t+f(a+1t1+2t2)€L

implies ¢t + f(a + 1s1 + 2t3) € L, or, equivalently (cf. Remark 1),

t+ fla+ 1Ly +2Ly) € L,
t+f(a+1K1—|—2K2)€L

implies t + f(a + 1(L; U Ky) + 2(L2 U K3)) € L.

Just as the path-closed tree languages correspond to those recognizable by deter-
ministic descending tree automata [12], the homogeneous tree languages correspond
to those recognizable to l-r-deterministic descending tree automata.

THEOREM 2. A [recognizable] tree language L is homogeneous iff it can be recog-
nized by a [finite] l-r-deterministic descending tree automaton A.

Proof. Let L be recognized by the trim l-r-deterministic descending tree automa-
ton A = (Q, )\, qo, Qsn)- Let t,51,80,t1,to € X% a € X, and f € B(t) be such that

t+ fla+1t1 4+ 2t2) € Lyt + f(a+1s1 +2t2) € L and ¢+ f(a+ 1t + 2s2) € L.

Let ¢ = X(qo,t7 f) be the result of a computation on the pointed tree (¢, f), and let
g1 = X(q, a+ 2s9,1) and ¢y = X(q, a + 1s1,2) be the results of a computation on the
basic pointed trees (a + 2s2,1) and (a + 1s1,2) starting in ¢g. Corollary 2 yields that
(g1,92) € A(¢,a). The definition of l-r-determinism now implies that s1,¢; € Ly, and
S2,t3 € Lg,. Thus a + 1s; + 252 € Ly, and hence t + f(a + 1s1 + s2) € L(A).

This shows the homogeneity of L and the “if” direction. The “only if” di-
rection will follow from Theorem 3 below (but also from Theorem 4 in the next
section). O

THEOREM 3. A finite descending tree automaton A recognizing a homogeneous
tree language can be effectively transformed into an equivalent [-r-deterministic de-
scending tree automaton Al

The naive extension of the powered construction would define

M(P,a) = {(AN(P,a+ 22, 1), N(P,a+ 1t1,2)) |a + 1t + 2t5 € Lp}.

However, the example of the tree automaton Ay recognizing the tree language Lg
given above shows that this does not always yield an 1-r-deterministic descending tree
automaton. We will give a construction which yields A¢ as in the example. The idea
is to augment the successor states P; and P, in the pairs above with all successor
states ¢; and g2 of A such that Ly, C Lp, and Ly, C Lp,.

Proof. We denote by A! and A2 the projections of A\ on the first and second
component, respectively. As usual, we use the same symbol for a function and its
canonical extension to subsets of its domain. Thus A(P,a) U {\(q,a)|q € P} for
P C Q. Furthermore, let Lp = U{L,|q € P}.

Given A = (Q, A, qo, Qfin) Tecognizing the homogeneous tree language L, we will
construct the descending tree automaton A% = (Q%,\d,qg,an). For P C () and
a € X, we set

A(P,a) = {({e1 € N'(q,a)|a+1Lg, + 2t C Lp},
{g2 € N%(q,a) |a+1t1 + 2Ly, € Lp}) |a+ 1ty + 2ty € Lp}.
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We define ¢¢ = {qo}, Q¢ C P(Q) as the set of all accessible states in P(Q) and
Qfn ={P € Q| PN Qs # 0}

Since we will need the homogeneity of L p, we will first show that for every P € Q¢
there exists a pointed tree (¢, f) € (#) such that Lp = {s|t + fs € L}. Since we
consider accessible states only, we can proceed by induction on ©(#). Clearly, ¢¢
corresponds to (t, f) = (,e). Now if P, € A (P,a + 2t,1), where by induction
hypothesis P corresponds to (¢, f), we will show Lp, = {s| (t+ fa+ f2t2)+ fls € L}.
By the definition of A\, there exists a tree ¢; such that ¢ + f(a + 1t; + 2t3) € L and
t+ f(a+1Lp, +2t2) C L. However, for every tree t} such that t+ f(a+ 1t} +2t2) € L,
there exists a state q; such that ¢ € L, and a+ 1Ly +2t2 C Lp. Thus ¢; € P and
the statement follows.

The fact that A¢ recognizes L = L(A) is a special case (for P = {qo}) of the
equivalence

(3) te L% iffte Lp,

which we will prove by induction over ©#. The base step t = € is clear by the
definition of Q‘jcm. Assuming the equivalence for the trees s; and s, we will show it
for s=a+1s; +2s9. If s € Lgl,, then there exist states P; and Py of A% such that

s1 €L}, so € L}, (P1, Py) € A(P,a).

Applying the induction hypothesis and the definition of A? yields s; € Lp,, s2 € Lp,
and there exist trees t; and t9 such that

a + lel + 2t5 C Lp,
a+ 1t1 + 2Lp2 - Lp7

a—+ 1ty + 2ty € Lp.

The homogeneity of Lp yields directly that s € Lp. Vice versa, if s = a+1s1 +2s5 €
Lp,say s € Ly, where ¢ € P, then there exist states g; and g2 of A such that s; € Lg,,
S92 € Ly,, and (¢1,¢2) € A(¢,a). Hence there exist sets Py and P» of states of A which
include ¢; and ¢o (hence s; € Lp, and sy € Lp,) such that (P, ) € A\(q,a).
Applying the induction hypothesis yields s; € L?Dl and sy € Ljéz and thus s € L%.
In order to show that A? is l-r-deterministic, we only show the left determinism; the
proof of the right determinism is symmetrical. Assuming two successor state pairs
(P1, P2) and (P], P}) in A*(P,a) with L, N LdPé # (), we will show P = Pj.
The assumption together with (3) yields

a+ 1Lp1 + 2Lp2 g LP7
a—+ lel/ + 2Lp2/ g Lp,
Lp,N Lpz/ # 0.

The homogeneity of Lp and Remark 1 imply that a+1(Lp,ULp;)+2(Lp,ULp;) C Lp,
but this, together with the definition of A%, yields P, = Pj.

If L is recognizable and A is chosen finite, then A? is also finite. The determiniza-
tion described above can then be done effectively by restricting all occurring sets of
trees to sets of trees of height h < 2!9l. This is not a real restriction since the above
statements are true iff they are true when quantified over the trees of height h <
21Ql 0
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If £(A) is path closed, then the above construction yields a deterministic de-
scending tree automaton. If £(A) is not homogeneous, then A9 recognizes just a
homogeneous superset of L(A).

6. Introducing l-r-minimization. The following definition is the analogue of
Definition 1.

DEFINITION 4. The descending Nerode equivalence relation ~j, of a tree language
L C I# is the coarsest right invariant equivalence relation on the tree monoid »#)
which saturates L.

That iS, for all (tl, fl), (tg,fg) S Z(#) if (tl, f1> I (t27f2), then

(tr, f)(t, F) =L (ta, fo)(t, f) V(t, f) € 2F)

and
(tl,fl) € E if (tg,fg) S E

Furthermore, if ~ is another equivalence relation with these two properties, then
/2, is coarser than =, i.e., (t1, f1) = (to, fo) always implies (¢1, f1) =L (t2, f2).

We can define &, equivalently by the following condition. For all (¢1, f1), (t2, f2) €
S#), (t, fr) =r (ta, fa) iff

(4) ¥(s,g) €SP ((tr, fi)(s,9) €L iff (t2, f2)(s,9) € L).
If we define (t, f)™'L = {(s,g) € S# |(t,f)(s,g) € L}, then (4) is the same as
(tl, fl)_lf = (tQ, fg)_lz. If we set

(t, ) 'L={secX#|t+ fsc L},

then (4) becomes, more simply,

(5) (t1, /1) L (t2, f2)  iff (t1, f1) 'L = (t2, f2) ' L.

Given the descending Nerode equivalence of a tree language L, we define the descend-
ing tree automaton A(L) = (Q%, A", ¢f, Q%,,) where

Q" ={(s,9)7'L|(s,9) € #)},

@ =L,
QL ={KeQF|QeK}, and
MAK,a) = {((a+2s2,1)7 K, (a +151,2) 1K) |a + 151 + 285 € K }.
Note that ¢} € QF since L = (,¢)1L.
LEMMA 2. The descending tree automaton A(L) of a homogeneous tree language

L s l-r-deterministic and recognizes L.

Proof. We will first prove, by structural induction on (¢, f), the validity of the
equation

(6) N((s,9) 'Lyt f) = ()" ((s,9) 7 D).

The base step (¢, f) = (2, €) follows from the definition ofx, since generally ’)\\(q, Q,¢e) =
q for any state ¢ and any transition function A. For the induction step, we suppose (6)



54 MAURICE NIVAT AND ANDREAS PODELSKI

for (t1, f1) and (f2, f2) and show that for (¢, f) = (a+1t1+%2,1f1),if g € ﬁ((s,g)*lL,
t.f), then ¢ = ((s,9)(t, f))'L. -

By (2), there exists a state ¢; € A-((s,g) 'L, a+2ts, 1) such that ¢ € AL (qy, t1, f1).
By the definition of XE, there exists a state go € Q such that

(7) (q1,92) € )‘L((s’g)_lL’a)7

8) A (qa ta, f2) N QEy # 0 for fo € Blts).

The definition of A’ and (7) imply the existence of s1, 55 € 3% such that

(9) a+1s; +2s0 € (s,9)" 'L,
(10) q1 = (a+28231)_1(879)_1L7
(11) @2 = (a+151,2)""(s,9) ' L.

We can write (9) as
(12) s+ gla+1s; +2s3) € L.

If we put the induction hypothesis on (to, f2) and (11) together, we obtain that
Mg, ta, f2) = ((s,9)(a + 1s1,2)(t2, f2))"1L. According to (8), Q € M-(qa,ta, f2)

or
(13) s+gla+1sy +2t3) € L.

We will use the two facts above and the homogeneity of L in order to show that

the state ¢ is of the form ¢ = ((s, g)(¢, f)) "' L. Since g € A(q1,t1, f1) and ¢y is of the
form given by (10), the induction hypothesis applied to (t1, f1) yields

(14) q= ((Sag)(a+28271)(t1’f1))_1L'

In order to show the conjectured equality, which is ¢ = ((s, g)(a + 2t2, 1)(t1, f1)) L,
let t € g; that is,

(15) s+gla+1(t1 + f1t) +2s2) € L.
The homogeneity of L together with (12), (13), and (15) now implies
(16) s+gla+1(ty + fit) +2t2) € L,

which is the same as t € ((s,g)(a + 2t2, 1)(t1, f1)) "'L. Vice versa, the homogeneity
of L applied to (12), (13), and (16) implies (15), which proves ¢ € ¢ and hence the
statement on the form of g.

Thus the only element of S\Z((s,g)*lL,t, f)isq=((s,9)(t, f))"LL, which proves
the left determinism and, by symmetry, the I-r determinism. The equivalences

(t,f) € L(A(L)) iff (,¢) € AE(L, t, f),
iff (Q,¢) € (¢, )7L,
i (t, f) € L
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show that L = L(A(L)) and complete the proof of Lemma 2. 0

The l-r-deterministic descending tree automaton A(L) is reduced. Clearly, for
a state M = (¢, f)"'L € QF, Ly = {(s,g) € ©#) |X(M,s,g) € QL } and hence
Lj; = M. Therefore, the two equivalent states are equal.

We recall that an automaton A’ is called minimal (in the algebraic sense) in a
given class of automata iff every equivalent automaton A in the class can be mapped
onto A’ by an automaton morphism. A morphism 7 from A = (Q, X, qo, Qfin) to
A = (Q'\N,q,Q%,) is a mapping 7 : Q@ — @ (which is canonically extended to
7 P(Q x Q) — P(Q' x @) such that 7(d0) = gh, 7(@sn) € Qh, and w(A(g,0)) —
N (m(q), a). This condition implies, of course, the minimality of the number of states.
As already stated in footnote 4, one excludes automata with nonaccessible states when
considering the algebraic notion of minimality of automata.

THEOREM 4. For every homogeneous tree language L there exists a minimal [-7-
deterministic descending tree automaton recognizing L. It is given by A(L). This is
the unique (up to isomorphism) reduced l-r-deterministic descending tree automaton
recognizing L. It is finite iff L is recognizable.

Proof. ~ We assume a l-r-deterministic descending tree automaton A =
(Q, A, qo, Qsin) Whose states are all accessible and which recognizes L. The morphism
7 from A on A(L) is given by the mapping 7 : Q — QL n(q) = L.

First we show that 7 is indeed a function into QF. Let ¢ € Q be a state of A and
(t, f) € % be a pointed tree such that \(qo,t, f) = q.

By equation (2), the state X(q, 8,9) = X(X(qo,t, f),s,9) which is equal to
X(qo, (t,f)(s,g)). This is a final state of A iff (¢, f)(s,g) € L. Thus L,=(t,f)~'L
and m(q) is indeed a state of A(L).

Clearly, 7 is surjective. Given (¢, f)"'L € Q, we have (¢, f)~'L = 7(q) where
q= X(qo,t,f), since L, = (t, f)' L.

If (t, f)~'L # 0 € QF, then A (k. t, f) # 0, and setting g = A(qo, t, f), we have
Ly = (t, f)7'L = 7(q) and thus 7 is surjective. (The empty set () € QT is the image
of any not accessible or not coaccessible state of A. If A is assumed to be trim, we
define Q' without the element {).)

In order to show that (g1, ¢2) € Mg, a) iff (w(q1), 7(q2)) € A(w(q), @), it is sufficient

~

to show that w(A(q,t, f)) = A(7(q),t, f), thanks to Corollary 2, but this is trivially
clear from the l-r determinism of A.

By Lemma 2, A(L) is l-r deterministic and recognizes L. If A is reduced, then
7 is bijective, which proves the second statement of Theorem 4 if L is recognizable,
then there exists, by Theorem 2, a l-r-deterministic finite descending tree automaton
recognizing L. By reducing A, that is, by identifying unseparable states, A can be
obtained effectively and is, of course, finite if A is finite. a

If the tree language L is path closed, then A(L) is not only l-r deterministic
but also deterministic. Of course, every deterministic descending tree automaton
recognizing L is also l-r deterministic. Together, this implies the following corollary
whose first part has been shown in [12].

COROLLARY 3. For every path-closed tree language L there exists a unique (up to
isomorphism) reduced deterministic descending tree automaton recognizing L. This
minimal deterministic descending tree automaton recognizing L is given by A(L)
with, as a set of states, the left residuals of L (or the descending Nerode equivalence
classes).

Thus we have obtained the main result of [12, section I1.11], with elegant methods
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and sharpened it: A(L) is minimal not only in the class of all deterministic, but also
in the larger class of l-r-deterministic descending tree automata. Moreover, we are
able to describe A(L) algebraically solely by means of the tree language L.

We will now investigate the meaning of A(L) is the general case, where L is not
necessarily a homogeneous tree language. We note that the intersection of any family
of homogeneous sets is again homogeneous. Hence there exists a smallest homogeneous
set containing L. We call it the homogeneous closure of L, written HC(L). Also in the
general case, we call A(L) the minimal l-r-deterministic descending tree automaton
of L; this is justified by the following characterization.

THEOREM 5. For any tree language L, the minimal [-r-deterministic descending
tree automaton A(L) is finite iff L is recognizable. It recognizes the homogeneous
closure of L.

Hence A(L) recognizes always an approximation of L (i.e., a superset).

Proof. The class [(t, f)]~, of the ascending Nerode congruence ~, is characterized
exactly by (1), the set of all sets (s,g) 'L which contain (¢, f), and (2), the set of
all those sets which do not contain (¢, f). Hence there are finitely many congruence
classes iff there are finitely many sets (s,g) 'L. According to property (5) from
section 6, this holds iff there are finitely many descending Nerode congruence classes
(£, )] ~s.

Next, we show that every ¢ € ¥# which is recognized by A(L) starting in the
state (s,g) 'L is an element of the homogeneous closure of (s,g) 'L. We proceed
by induction over ¢. If t = €, the statement is true by definition of A(L). If ¢t =
a + 1t; + 2t5, where we assume the statement for ¢; and t5 to hold by induction
hypothesis, then there exist trees s; and sy such that a+1s; +2s2 € (s,9) "L, and t;
and ty are recognized by A(L) starting in the corresponding left and right successor
states, which are, respectively, (a + 2s2,1)(s,g) 'L and (a + 1s2,2)(s,g9)"'L. By
induction hypothesis, a + 1t; + 2s2 and a + 1s1 + 2t are in the homogeneous closure
of the set (s,g)"!L. This yields the statement for t = a + 1t; + 2t5.

By definition, A(L) recognizes a homogeneous tree language which includes every
tree of L. Hence the homogeneous closure HC(L) is a subset of L(.A(L)), and, together
with the above, the two sets are equal. a

COROLLARY 4. A tree language L is recognizable iff the descending Nerode equiv-
alence of L has a finite index iff there exists a frontier invariant equivalence relation
on X#) which saturates L and has a finite index. d

7. Conclusion. The two existing notions of descending tree automata being ei-
ther too restrictive or not amenable to algebraic tools, we have introduced a third,
intermediate family. The investigation in this work has shown that this family of
l-r-deterministic descending tree automata is a natural algebraic notion on which the
usual automata theoretic methods apply. Our characterization of the corresponding
family of homogeneous tree languages offers the possibility to approximate a recogniz-
able set of trees by a homogeneous superset and to represent it by an l-r-deterministic
descending tree automaton. As an immediate practical application, a type system
like the one of [19], for example (for others, cf. [28]), can be made more powerful by
incorporating this approximation.

Also with respect to the application on type systems, it would be useful to charac-
terize the corresponding family of regular systems of equations. It seems less interest-
ing, and also less feasible, to try the same for regular expressions. Another branch of
further work would consist of exploring the algorithmic aspects. Here one can exploit
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the relationship between l-r-deterministic descending tree automata and automata on
strings that we have exhibited.
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THRESHOLD COMPUTATION AND CRYPTOGRAPHIC SECURITY*

YENJO HANT, LANE A. HEMASPAANDRAY, AND THOMAS THIERAUF$

Abstract. Threshold machines are Turing machines whose acceptance is determined by what
portion of the machine’s computation paths are accepting paths. Probabilistic machines are Turing
machines whose acceptance is determined by the probability weight of the machine’s accepting com-
putation paths. In 1975, Simon proved that for unbounded-error polynomial-time machines these two
notions yield the same class, PP. Perhaps because Simon’s result seemed to collapse the threshold
and probabilistic modes of computation, the relationship between threshold and probabilistic com-
puting for the case of bounded error has remained unexplored.

In this paper, we compare the bounded-error probabilistic class BPP with the analogous threshold
class, BPPpath, and, more generally, we study the structural properties of BPP,.¢1,. We prove that
BPP e contains both NPBPP and PNPUogl and that BPPya, is contained in P¥21°8] BPPNP,
and PP. We conclude that, unless the polynomial hierarchy collapses, bounded-error threshold
computation is strictly more powerful than bounded-error probabilistic computation.

We also consider the natural notion of secure access to a database: an adversary who watches
the queries should gain no information about the input other than perhaps its length. We show for
both BPP and BPPyp,¢p that if there is any database for which this formalization of security differs
from the security given by oblivious database access, then P # PSPACE. It follows that if any set
lacking small circuits can be securely accepted, then P # PSPACE.

Key words. complexity theory, cryptography, probabilistic computation, threshold computa-
tion

AMS subject classifications. 68Q15, 94A60

PII. S0097539792240467

1. Introduction. In 1975, Simon [27] defined threshold machines. A threshold
machine is a nondeterministic Turing machine that accepts a given input if more than
half of all computation paths on that input are accepting paths. Gill [13] defined
the class PP as the class of sets for which there exists a probabilistic polynomial-
time Turing machine that accepts exactly the members of the set with probability
greater than ; Simon [27] showed that the class of sets accepted by polynomial-time
threshold machines characterizes the unbounded-error probabilistic class PP.

In this paper, we extend the notion of threshold computation to bounded-error
probabilistic classes, and we study the degree to which threshold and probabilistic
database (“oracle”) computations hide information from observers.

In particular, we introduce BPPpatn and Rpaen as the threshold analogues of
BPP and R [13]. We give evidence that, unlike the case for PP, these threshold
classes are different from their probabilistic counterparts. Section 3 studies the
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2

p

PP /2loz

AM BPP path RNP

BPP NP = Rpath

R

FiG. 1. Inclusion relations between BPPpatn and other complexity classes. Not shown are the

inclusions BPP C RNP and AM C p3 [log] (in fact, AM C Hg). As an open problem, we ask
whether BPP .41, is contained in Zg or even RNP . There is an oracle relative to which BPPpatn is
not in PNP,

properties of the class BPPpan and its relationship to other complexity classes.
For example, we show—in contrast to the BPP case—that BPPpan is self-low
(i.e., BPPpathBPPPath = BPP,an) only if the polynomial hierarchy collapses. We
also show that BPP is low for BPPp,, that there is a relativized world in which
BPPpatn does not contain the smallest reasonable counting class, and that BPPp,¢n
has many closure properties. Figure 1 gives an overview of the inclusion relations that
we establish between BPP .1, and other complexity classes; in particular, note that
though contained in the polynomial hierarchy, BPP,., contains NP and coNP.
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Section 4 studies, for threshold and probabilistic computations that have Turing
(that is, adaptive) access to a database, the degree to which the input can be hidden
from an observer. In particular, we consider the least restrictive possible notion
ensuring that a powerful observer should gain no information about the input other
than its length [5]. For the cases of unbounded-error probabilistic and threshold
computation, we note that this optimal degree of security can be achieved in all cases.
For the cases of bounded-error probabilistic and threshold computations, we prove
the following result: if there exists any database D to which secure access yields more
power than oblivious access (a notion in which the querying machine—until finished
querying—is wholly denied access to the input other than the length of the input [9]),
then P # PSPACE.

2. Definitions and discussion. Throughout this paper, we use the alphabet
¥ = {0,1}. For a string x € ¥*, |z| denotes the length of z. For a set A C ¥*,
A(x) denotes the characteristic function of A, A=" denotes {y | y € A and |y| =n},
A=" denotes {y | y € A and |y| < n}, and ||A]| denotes the cardinality of A. The
complement of A is A =X* — A, and for a class C of sets, coC={A| A€C}.

Let (-,-)p : ¥* x ¥* — ¥* be a polynomial-time computable, polynomial-time
invertible, one-to-one, onto function. For any string z, let z+ 1 denote the string that
lexicographically follows z, and for any string z # ¢, let z—1 denote the string that lex-
icographically precedes z. Let ks be the lexicographically kth string in ¥*. We define
our (multi-arity, onto) pairing function by (x1, xo,...,z) equals (a) (¢, €), when
k=0, (b) (6,1 + 1)p when k = 1, and (c) (ks, (z1, (z2, (- (@k—1, Tk)b " )b)b)b)b
when k > 2.

P (NP) denotes the class of languages that are accepted by polynomial-time deter-
ministic (nondeterministic) Turing machines. For nondeterministic Turing machines,
we assume without loss of generality that the nondeterministic branching degree is at
most two. M is polynomial-normalized (henceforward denoted normalized) if there is
a polynomial p such that on every input = the machine M makes exactly p(|z|) non-
deterministic moves on each computation path. FP is the class of polynomial-time
computable functions. One can define relativized classes such as PN (respectively,
PNPlog]) by employing P machines having some NP oracle that can be asked polyno-
mially (respectively, logarithmically) many queries, i.e., so-called oracle machines [3].
This is called a Turing reduction (to NP). If the queries are made nonadaptively (i.e.,
in parallel), we call this a truth-table reduction (see Ladner, Lynch, and Selman [22]).
By PP we denote the class of sets that are truth-table reducible to NP—but, in fact,
PHP _ PNP[log] [15]

The polynomial hierarchy [25], [29] is defined as follows:

SP = NP,
$h., =NP% (for k€ {1,2,3,...}), and
PH= [ | ¥}
E>1

P/poly [19] denotes the class of sets having small circuits.

For a mnondeterministic polynomial-time Turing machine M, let accp(x)
(rej () denote the number of accepting (rejecting) paths of M on input x and
let totalps(x) denote the total number of paths of M on input x. #P is the class of
functions f such that for some nondeterministic polynomial-time Turing machine M
it holds that (V) [f(x) = accpr(z)].
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2.1. Probabilistic and threshold computation. A probabilistic polynomial-
time Turing machine [13] is a nondeterministic polynomial-time Turing machine M
such that M chooses with equal probability each of the nondeterministic choices at
each choice point. Pr[M(z) = 1] denotes the probability weight of those paths on
which M accepts z and Pr[M (z) = 0] denotes the probability weight of those paths
on which M rejects x.

We now define some complexity classes in terms of probabilistic polynomial-time
Turing machines.

DEFINITION 2.1 (probabilistic classes).

1. PP [13] is the class of all sets L such that there exists a probabilistic
polynomial-time Turing machine M such that for oll x € ¥* it holds that Pr[M(x) =
L(z)] > 3.

2. BPP [13] is the class of all sets L such that there exist a probabilistic
polynomial-time Turing machine M and an € > 0 such that for all x € X* it holds
that Pr[M (z) = L(z)] > 5 +e€.

3. R [13] is the class of all sets L such that there exists a probabilistic polynomial-
time Turing machine M such that for all x € ¥* it holds that

x € L = Pr[M(z)
¢ L= Pr[M(z) =0] =1.

1] > and

By definition, we clearly have R C BPP C PP [13].

The class PP can also be characterized as the class of sets L such that there exist
a nondeterministic polynomial-time Turing machine M and a function f € FP such
that for all z € ¥* it holds that x € L <= accp(z) > f(2).

By looking at the portion of accepting paths rather than the probability weight
of the accepting paths, we now introduce the threshold analogues of the above prob-
abilistic classes. Let #[M(x) = 1] denote accp(z) and let #[M(x) = 0] denote
rej pr (2).

DEFINITION 2.2 (threshold classes).

1. PPpatn [27] is the class of all sets L such that there exists a nondeterministic
polynomial-time Turing machine M such that for all x € ¥* it holds that #[M(z) =
L(z)] > ; totalp ().

2. BPPpasn is the class of all sets L such that there exist a nondeterministic
polynomial-time Turing machine M and an € > 0 such that for all x € ¥* it holds
that #[M (z) = L(z)] > (4 + €) totalp ().

3. Rpath @s the class of all sets L such that there exists a nondeterministic
polynomial-time Turing machine M such that for all x € ¥* it holds that

1
x € L = accpr(x) > 5 totalps(x) and
x & L= rejy(x) = totalpr ().

It is easy to see that Rpath € BPPpan € PPpan. For all threshold classes in this
paper, as a notational convenience we will place oracles above the word “path” (e.g.,
BPPLLL denotes (BPPyaen)BPT).

It is known that R, BPP, and PP sets can be accepted via normalized probabilistic
polynomial-time Turing machines: just extend each computation path of a given
machine up to a fixed polynomial length and, on each new path, accept if the path
that was extended accepted and reject otherwise. The modified machine has the same
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acceptance probability as the original one. Observe that for normalized machines,
the probabilistic interpretation of the machine accepts the same set as the threshold
interpretation of the machine. Thus each of the probabilistic classes is contained in the
corresponding threshold class, i.e., PP C PP, BPP C BPPanh, and R C Rpath-

In fact, Simon [27] has already shown that PP .y is not a bigger class than PP.
For completeness, we give a proof here.

THEOREM 2.3 ([27]). PPpain = PP.

Proof. It suffices to show that PPpatn € PP. Let L € PPpan via PPpan
machine M with polynomial ¢ bounding M’s runtime. Consider the machine M’
that on input x extends each path y of M by appending a full binary subtree of depth
q(Jz]) = |y|. Furthermore, on the leftmost path of this appended subtree, M’ branches
into two accepting (rejecting) paths if M accepted (rejected) on the path y. On each
remaining path of the subtree, M’ branches into one accepting and one rejecting path.

M’ on input 2 has 290D+ paths and of these 290D + accps () — rejy (2) are
accepting paths. This shows that L € PP via M’. g

Interestingly, this equivalence between probabilistic and threshold classes cannot
hold for R and BPP unless the polynomial hierarchy collapses to its second level.
This follows from the fact that NP is contained in Rpa¢n and thus is also contained in
BPPpath.

PROPOSITION 2.4. Rpan = NP.

Proof. Rpatn € NP is immediate from the definition. For the reverse inclusion,
let M be a nondeterministic Turing machine and let polynomial p bound the runtime
of M.

Consider the machine M’ that on input z first simulates M on input z, and if the
simulation ends in an accepting path y, then M’ appends 2P(ZD+1 accepting paths to
y and otherwise M’ rejects.

Now more than half of all paths of M’ on input x are accepting if x € L(M), and
M’ has no accepting paths otherwise. This shows that L(M) € Rpatn. 0

COROLLARY 2.5. NP C BPPath.

It follows that if BPPpatn is equal to BPP, then BPPpa4n, and hence NP, has
small circuits, which in turn, by the result of Karp, Lipton, and Sipser (see [19]),
implies that the polynomial hierarchy collapses. Thus we cannot expect BPPpatn to
have normalized machines. For different, contemporaneous work related to normalized
versus nonnormalized computation, see Hertrampf et al. [16] and Jenner, McKenzie,
and Thérien [17].

We have now seen that there are some crucial differences between BPP and its
threshold analogue, BPPp,1,. We will study BPP 5, in more detail in section 3 and,
especially, we will strengthen Corollary 2.5.

2.2. Secure computation. In this subsection and in section 4, we study notions
of secure adaptive access to databases in the presence of a powerful spying observer.
We give below what we feel are the most natural definitions. In these definitions, we
obtain security by requiring that an observer (seeing a path drawn uniformly from all
the machine’s paths) should learn nothing about the input string other than perhaps
its length. For threshold computation, this notion is new. For probabilistic computa-
tion, the appendix proves that this definition is equivalent to the notion of “one-oracle
instance-hiding schemes that leak at most the length of their inputs” [5]. The original
motivation for such classes, as explained, for example, by Beaver and Feigenbaum [5],
is, very roughly, to study whether weak devices can solve hard problems by asking
some powerful device questions in such a way that no observer can tell which problem
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was actually solved by the weak device. Since NP C BPPpun, BPPpan is clearly
not a computationally weak class. It nonetheless makes sense to consider the same
interactive model in the case that applies here: studying whether a relatively powerful
class (BPPpatn) can use a (potentially powerful) information source while shielding
information on the problem being solved even from extremely powerful observers.
DEFINITION 2.6 (secure threshold computation). For any set D, a set A is said

to be in secureBPPgath (that is, is said to be “securely accepted by a bounded-error
threshold polynomial-time machine via access to database D7) if there is a nondeter-
ministic polynomial-time Turing machine N such that the following hold:

1. [Ae BPP;?ath via machine N.|  There exists an € > 0 such that for allx € ¥*
it holds that #[NP(z) = A(z)] > (§ + €) totalyp () (see part 2 of Definition 2.2).

2. [The queries of NP reveal no information to an observer other than perhaps
the length of the input.] For every k € {0, 1, 2,...}, every vector v = (v1, va, ..., V),
V1, V2, ..., 05 € X*, and every pair of strings x € ¥* and y € X* such that |x| = |y|,
it holds that

path-occurences yo (,)(v)  path-occurences o,y (v)

)

total yo () B total yo (y)

where path-occurences o,y (v) = |[{p | p is a path of NP (2) on which v is the sequence
of queries asked to the oracle (in the order asked, possibly with duplications if the same
query is asked more than once)'}||.

Similarly, for the probabilistic class BPP, we have the following definition of secure
access.

DEFINITION 2.7 (secure probabilistic computation). For any set D, a set A is
said to be in secureBPPP (that is, is said to be “securely accepted by a bounded-
error probabilistic polynomial-time machine via access to database D7) if there is a
probabilistic polynomial-time Turing machine N such that the following hold:

1. [A € BPP” via machine N.] There exists an € > 0 such that for all x € ¥*
it holds that Pr[NP(z) = A(z)] > § + € (see part 2 of Definition 2.1).

2. [The queries of NP reveal no information to an observer other than per-
haps the length of the input.]  For every k € {0,1,2,...}, every vector v =
(v1, V2, ..., V), V1, V2, ..., U € X*, and every pair of strings x € X* and y € X*
such that |z| = |y|, it holds that

Pr(the query vector of NP (z) is v] = Pr[the query vector of NP (y) is v].

Oblivious self-reducibility was discussed in [9], and we now define complexity
classes capturing the notion of oblivious access.

DEFINITION 2.8 (oblivious probabilistic and threshold classes). For any set D,
a set A is said to be in obliviousBPPfath (respectively, obliviousBPP) if there is a
nondeterministic (respectively, probabilistic) polynomial-time Turing machine N such
that the following hold:

1. [Ae BPPfath (respectively, A € BPPP) wvia machine N.] There exists an
€ > 0 such that for all x € ¥* it holds that #[NP(z) = A(z)] > (4 + €) total yp (z)
(respectively, Pr[NP (z) = A(z)] > J +¢€).

2. N is an oblivious machine in the sense that on an input z it initially is given
access to a “preinput” tape on which 0171 is written. N then performs its adaptive
queries to D. Then after making all queries to D, machine N is given access to z.

1 Henceforth, we will refer to this as a query vector.
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We clearly have that, for every D,

BPP{?&Ml ) secureBPPfath ) obliviousBPPgath and
BPP” D secureBPP” D obliviousBPP”.

Are these inclusions proper? In other words, does using security against
observers as the definition of secure computation (secureBPPgath, secureBPP?)
yield a more flexible notion of security than does blinding the machine to its input

(obliviousBPPIl?ath7 obliviousBPP?)? Formally, is obliviousBPPl?at][1 # secureBPP}?ath

or obliviousBPP? # secureBPPP? Our intuition says that both inequalities hold.
However, section 4 shows that establishing that “yes” is the answer implies that
P # PSPACE (and even implies the stronger result that BPP # PP). Since it is
commonly believed that P = PSPACE, this does not provide evidence that equality
holds; rather, it merely suggests that witnessing a separation will be hard with current
techniques. We note that results (such as Theorem 4.1 and Corollary 4.2) that con-
nect the existence of an oracle separation to the existence of a real-world separation
(see, e.g., the survey [7]) usually occur in cases in which the oracle is tremendously
restricted (e.g., to the class of tally sets or the class of sparse sets [4], [24]); in contrast,
section 4 provides such a relativization result that applies without restriction of the
database D.

Note that we could also define classes partially—secure—BPPgath and partially-

secure-BPP? based on the notion (see, e.g., [9] and the papers cited therein) that
an observer watching one query should get no information other than perhaps about
the length (clearly, for all D, BPPfath ) partially—secure—BPPfath ) secureBPPfath

and BPP? D partially-secure-BPP” D secureBPP? ), and, more generally, one could

study a variety of classes between BPP” and secureBPP” (or between BPPI?ath and

secureBPPfath) based upon security against observers using various strengths of query
access. (For example, one could require security against observers who could see two
queries, or against observers who could make O(log n) adaptive queries into the query
vector, or so on.) However, we restrict our attention to what we feel are the most
natural security classes: secureBPPY and secureBPPf))ath.

There is no point in defining security classes for unbounded-error computation
since it is easy to see that, for every D, PPP = securePP? = obliviousPP? =
PPfath = SecurePPfath = obliviousPPfath.

Finally, we note that all sets that are accepted by an oblivious machine
relative to some database D have small circuits. Let obliviousBPP* denote
Upeas- obliviousBPP?. We have the following result.

PROPOSITION 2.9. obliviousBPP* = P /poly.

COROLLARY 2.10. (3L)[L ¢ obliviousBPP*].

Though for most common classes C it holds that (VL) [L € CL], Corollary 2.10
should not be surprising; it is natural that weak machines, when accepting a hard set
via a hard database, may leak some information to an observer. Interestingly, a similar
result holds for secure computation. Namely, Abadi, Feigenbaum, and Kilian [1] have
shown that secureBPP” C NP /poly N coNP /poly for any database D. Thus for any
set D, no NP-hard set is in secureBPP? unless the polynomial hierarchy collapses.

3. BPPy,tn. We have already argued that BPP and BPP,;, differ unless the
polynomial hierarchy collapses. These classes nonetheless share certain properties.
For example, as is also the case for BPP [36], BPP,u1 has a strong amplification

property.
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THEOREM 3.1. Let L be in BPPpu. For each polynomial q, there is a non-
deterministic polynomial-time Turing machine M such that for all x € 3* it holds
that

#[M(z) = L(z)] > (1 - 2*q<\w\>) totaly ().

The proof is analogous to the corresponding proof for BPP.

BPP is closed under Turing reductions [20], [34]. However, no relativizable proof
can establish the closure of BPP,¢n under Turing reductions. In particular, Beigel [6]
constructed an oracle relative to which PNF is not contained in PP. Since BPPpan is
clearly contained in PP (and the proof relativizes), it follows that, relative to the same
oracle, PNF is not contained in BPP 1, and hence, since NP C BPPatn, BPPpatn
is not closed under Turing reductions relative to this oracle. That is, there exists an
A such that BPPA,\ # PPPPrun,

For BPPath, we can prove closure under truth-table reductions.

THEOREM 3.2. BPPpa is closed under polynomial-time truth-table reductions.

Proof. Let A <!, B for B € BPPa, i.e., there exists a polynomial-time Turing
machine M such that L = L(MP) and, for each input x of length n, machine M
makes at most g(n) queries (nonadaptively) to B. Without loss of generality, we
may assume that all queries have the same length I(n), [(n) > n, and that ¢(n) is a
nondecreasing function.

Let N be a BPPp.n machine for B such that on input v,

1
(D)

Consider the machine M’ that on input z, || = n, computes y1, . .., yx, the truth-
table queries of M on input x, where k < ¢(n), and for each query y;, machine M’
guesses a path of N on input y; and takes the output of this path as the answer to
query y;, for : = 1,..., k. Using these answers instead of the oracle B, M’ simulates
M on input x and outputs the result.

M’ has totalp (z) = Hle total v (y;) paths. At least on those paths on which all
the answers to the oracle queries are correct, M’ decides correctly whether x is in A,
i.e., we have

#IN(y) = B(y) > (1— . ) totaln (y).
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COROLLARY 3.3. BPPan is closed under complementation, intersection, and
UNION.

Since NP is contained in BPP a1, it follows that the closure of NP under truth-
table reductions is contained in BPPa¢h.

COROLLARY 3.4. PNPllog] C BPP ..

It is known that BPP is low for PP [21] and for itself [20], [34], i.e., PPBPP —
PP and BPPBYP = BPP. We show in the next theorem that BPP is also low for
BPPpatn. Observe that relative to Beigel’s previously mentioned oracle making pNP
not contained in PP, we must also have that NP, and hence BPP .1, cannot be low

for PP. That is, there exists an A such that PPBPPoun £ PPA. Furthermore, by an
easy induction, we have that if BPP a1, is low for itself then the polynomial hierarchy,
PH, is contained in BPPp,¢,. However, as we will see in Theorem 3.11 below, BPP .1
is contained in some level of the polynomial hierarchy. Thus BPPah is not low for
BPPp.¢n unless the polynomial hierarchy collapses.

THEOREM 3.5. BPPJI} = BPPyan.

Proof. Let L € BPPEEEE via a machine M and a set A € BPP such that polynomial
p bounds the runtime of M4 and for all z € ¥* it holds that #[M#*(x) = L(x)] >
I totalyra(x).

Let B={ (0", wy,a1,...,wk,ar) | kK <p(n)and (Vi:1<i<k)[|w;| <pln)and
A(w;) = a;] }. Since BPP is closed under truth-table reductions [20], [34], B € BPP.
Hence there exist a probabilistic polynomial-time Turing machine Mp and a poly-
nomial ¢ such that for any input z = (0", wy, a1, ..., wk, ax), Mp’s error probabil-
ity is bounded by 2~ ®(™+4) and Mp’s computation tree is a full binary tree with
total prp, (2) = 2907,

Consider the machine M’ that on input z, || = n, performs the following steps.

1. M’ simulates M4 on input . Whenever M queries the oracle, M’ nondeter-
ministically guesses the answer. Let (wi,a1),. .., (wg,ar) be the sequence of queried
strings and guessed answers along a computation path y.

2. To verify the guessed answers, M’ simulates Mp on input (0", ws,
a1y ..., Wk, ak).

3. M’ amplifies the output of M on path y from the first step if the guessed
answers there are certified in the second step. More precisely, M’ now appends 2P(")+4
accepting (rejecting) paths if path y was accepting (rejecting) and the simulation in
the second step ended in an accepting path of Mp. Otherwise, M’ rejects.

After the first two steps, M’ has at most 2°(") 2¢(") computation paths. In the last
step, M’ amplifies all paths (a) in which the guessed oracle answers are correct and
that are certified by Mp in the second step, i.e., at most totalysa(x) 29 paths, and
(b) all paths in which the guessed oracle answers are false but are wrongly certified
by Mg, i.e., at most 2P(") 2= ®()+4) 24(n) paths. Thus we have

totalyp (x) < 2P 9a(m) 4 gp(n)+4 (tomlMA(x) 9a(n) 4 9p(n) 9—(p(n)+4) 2q<n>)_

The paths on which M’ decides correctly include at least those paths that cor-
respond to correct paths of M in the first step and are subsequently certified in the
second step. Since these paths are amplified in the last step, we have

#[M'(x) = L(xz)] > (; total yra (sc)) ((1 _ 2*(p(n)+4)) 2q(n)) op(n)+4.

Now it is not hard to see that #[M'(z) = L(z)] > 2 totalpyy(z). Thus L €
BPP path- 0
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If we define a function class FBPP .1 in the natural manner (see the analogous
class FBPP of Ko [20]), then it is not hard to see that the same proof technique also
establishes that FBPPL | = FBPPpan.

COROLLARY 3.6. NPBPP C BPP (.

Indeed, we even have PNP® " llog]®BPP BPPpatn-

Babai [2] introduced the Arthur-Merlin classes MA and AM. It is known that
NPBPP € MA € AM € BPPN? [2], [35]. It is not known whether any of the inclusions
is strict or not, though various relevant oracle separations are known (e.g., Fenner et
al. [11] have constructed an oracle world in which NPPP¥ and MA differ). Below,
we strengthen Corollary 3.6 to show that even MA is contained in BPPp. This
improves the result of Vereshchagin [33] that MA C PP.

THEOREM 3.7. MA C BPPp.

Proof. Let L € MA. By standard amplification techniques, there exist a
polynomial-time predicate ) and polynomials p and ¢ such that for all z € ¥*,

z e L= (3y € 2PD) [Pr[Q(z,y, 2)] > 1 — 27 @D+,
v ¢ L= (Vy € XP=D) [Pr[Q(x,y, z)] < 2~ leD+D ]

where the probability is taken uniformly over all z € R9(#D,

Consider the machine M that on input = guesses y € 2P(#D) and z € £9#D and
if Q(x,y,2) is false, M rejects; otherwise, M produces 2P(#D+2 accepting paths.

It is not difficult to see that #[M(z) = L(z)] > 2 totalp(z). Thus L €
BPPpath. d

It is an open question whether AM is contained in BPP .. Vereshchagin [33]
constructed an oracle A such that relative to A the class AM is not a subset of PP,
ie., AMA Z PP4. Thus AM is not a subset of BPPpath relative to A. On the other
hand, BPPpan is not a subset of AM unless the polynomial hierarchy collapses. This
follows from the result of Boppana, Hastad, and Zachos [8] that if coNP C AM, then
the polynomial hierarchy collapses to its second level. Since coNP C BPPp,n, we get
the same consequence from the assumption that BPPp,y, is contained in AM.

Sipser and Gacs [28] (see also [23]) showed that BPP C RNP. Tt is an open
question whether the same inclusion holds for BPP,:,. However, we show that
BPPpath C BPPYP. As a first step, we show that a BPPp,1 set can be decided by a
deterministic polynomial-time Turing machine making logarithmically many queries
to a X8 oracle, and hence BPP ., is in the polynomial hierarchy. A randomized
version of this algorithm can decide a BPPp,, set with an NP oracle. The proof
applies Sipser’s Coding Lemma for universal hashing [28].

We mention that we could get a shorter proof by applying the results of Stock-
meyer [30] to approximate #P functions and those of Jerrum, Valiant, and Vazi-
rani [18], who showed a probabilistic version of Stockmeyer’s theorem. However,
we prefer to give a self-contained proof here, thereby encouraging the reader to see
whether he or she can improve our result, for example, by getting a one-sided error
probabilistic algorithm (in part 2 of Theorem 3.11). Since there is an oracle relative to
which BPP is not contained in PNF [30], one cannot obtain a deterministic algorithm
with relativizable techniques.

DEFINITION 3.8 ([28]). Let X C ¥™ and let Hy,...,Hy : ¥™ — ¥ be a
collection of linear functions given as k x m 0-1 matrices. The predicates Separate
and Hash are defined as follows.

1. Separatex(Hy,...,Hy) <= (NMye X)3Fi:1<i<k)(Vze X :y#



THRESHOLD COMPUTATION AND CRYPTOGRAPHIC SECURITY 69

2) [Hi(y) # H;(2)], where H;(y) means multiplication of the k x m matriz H; with the
m vector y, yielding a k vector, with the arithmetic done in GF[2].
2. Hashx(k) <= (3Hi,...,Hy € XF™)[Separatey (Hi, ..., Hy)].
The intuition about predicate Hash is that the size of the range of the hash
functions (which is determined by k) has to be sufficiently large with respect to the

size of X for a collection Hy, ..., H; that separates X to exist.
LEMMA 3.9 ([28]). Let X C X™ and let k = |log||X||] +2. For a random
collection of functions Hy,...,Hyp: L™ — 3F,

Pr[Separatex (Hy, ..., H;)] > ;

As a consequence of this lemma, we get a lower bound for the size of a set X.
The upper bound follows by the pigeonhole principle (see [30]).
COROLLARY 3.10 ([28]). If X C ™ and kx s the smallest k such that Hashx (k)
is true, then 28X =3 < || X|| < kx 2Fx.
THEOREM 3.11.
1. BPPpa, C P2l
2. BPP,au € BPPYY.
Proof. Let L € BPPpu4n. There exist a nondeterministic Turing machine M and
a polynomial p that bounds the runtime of M such that for all x € ¥* it holds that
#[M(z) = L(z)] > (1 — 2712y totalp(z).
Sipser’s proof that BPP C Xf uses the fact that totalp(x) is known a priori.
However, here we have only an upper bound.
Fix x € ¥*; let n denote |x|. Define

A= {y 0P~ | 4 is an accepting computation of M on input #} and

R = {y 0?1 | 4 is a rejecting computation of M on input }.

Clearly, ||A|| = acepr(x) and ||R|| = rej pp ().

Observe that Separate is a coNP predicate in « and the hash functions Hy, ..., Hy
when applied to A or R, and Hash is a ¥} predicate in z and k.

Let k4 (kgr) denote the minimal k such that Hasha(k) (Hashg(k)) is true. kg
and kg can be computed by a binary search making at most log p(n) many queries
to Hash and Hashg(k), respectively. From Corollary 3.10, it follows that 2F4—3 <
accpr(r) < k284 and that 2823 < rejp(2) < kr2F®. Now it is not difficult to
see that, for all but finitely many x, we have x € L <= kr < k4. This proves
L € palioe],

Next, we show that L € BPPNY. Consider the following probabilistic procedure,
which tries to approximate k4 and kg by randomly generating a collection of functions
Hy, ..., Hy and directly asking the oracle Separate y about (Hq,..., Hy), for a given
set X and increasing k.

APPROXIMATE(z, X)
k<0
repeat
k—k+1
randomly choose Hi,..., H
until Separatex (Hy,...,Hy) or k =p(n)
return k.
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The following main algorithm decides whether x is in L, and is correct with high
probability.

MAIN(x)

k, <— APPROXIMATE(z, A)
k, < APPROXIMATE(zx, R)
if k, > k, then accept
else reject.

By the definition of k4, we always have k4 < k,. Note that by the upper bound
of Corollary 3.10 and since k4 < p(n), it follows that log(||A||/p(n)) < ka. From
Lemma 3.9, it follows that k, < [log||Al|] + 2 holds with probability at least %. Since
the same bounds hold for k., we have that with probability at least i it holds that
both (a) log ac;(ﬂflgx) < ko <log accpr(r)+2 and (b) log reil(‘fl()m) < k. <logrej(x)+2.
This implies that for all but finitely many x it holds that z € L <= k, > k,., with
probability at least i. Thus L € BPPF, 0

As already mentioned just before Theorem 3.5, BPP ., cannot be low for itself
unless the polynomial hierarchy collapses to BPPp,,. From Theorem 3.11, we thus
have the following claim (see also the discussion just before Theorem 3.5).

COROLLARY 3.12. If BPP """ = BPPu,, then PH = P08l = BPP ..

Zachos [35] has shown that NP C BPP implies PH = BPP. Since this result
relativizes (i.e., for all A, NP4 C BPP# implies PH* = BPP#), we obtain the
following corollary from Theorem 3.11.

COROLLARY 3.13. ¥} C BPP,,,;, = PH = BPP"F.

Toda [31] and Toda and Ogiwara [32] showed that PH C BPPC for any class C
among {PP,C_P,®P}. As a consequence, none of these classes can be contained
in the polynomial hierarchy unless the polynomial hierarchy collapses. Thus none of
these classes can be contained in BPPp,¢, unless the polynomial hierarchy collapses.

Ogiwara and Hemachandra [26] and Fenner, Fortnow, and Kurtz [10] indepen-
dently defined the counting class SPP as follows.

DEFINITION 3.14 ([26], [10]). SPP is the class of all sets L such that there exist
a nondeterministic polynomial-time Turing machine M and an FP function f such
that for all x € ¥* it holds that

x € L= accpy(x) = f(x)+1 and
x & L = accy(z) = f(x).

Fenner, Fortnow, and Kurtz [10] argue that SPP is in some sense the smallest
class that is definable in terms of the number of accepting and rejecting computations.
In particular, SPP is low for PP,C_P, and ®P [10]. Though it is an open question
whether SPP is contained in BPP a1, there is an oracle relative to which this is not
the case.?

THEOREM 3.15. There is an oracle A such that SPP* ¢ BPPA

path-*
Proof. Let My, Ms, ... be an enumeration of nondeterministic polynomial-time
Turing machines and let p1,po, ... be an enumeration of polynomials such that poly-

nomial p; bounds the runtime of machine M;. Without loss of generality, we assume
pi(n) = n® +i. Let s(i), i = 1,2,..., be a sequence of integers defined by s(1) = 5
and, for i > 1, s(i 4+ 1) = 250,

2 Very recently, Fortnow [12] has improved our result by constructing an oracle relative to which
SPP is not contained in the polynomial hierarchy.
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We define the test language
L(A) ={1" | (3j) [n = s(j) and [|A="|| = 2"""]}.

Below, we will construct a set A such that for every i > 1, [|A=*(®)|| is either 25()~1
or 25(0=1 _ 1. For such an A, we have L(A) € SPP“. Furthermore, we will construct
A such that, for each i > 1, at least one of the following requirements holds.
(R1) M is not a BPP},,; machine. That is, there exists an z € £* such that
1 3
4 totalpa(x) < acepa(x) < A totalpra ().

(R2) There exists an n > 1 such that M/ (1") accepts if and only if 1" & L(A).

It follows from Theorem 3.1 that the existence of such an oracle establishes the
theorem.

We construct the set A in stages. In stage i, we diagonalize against machine M.
Initially, 7 = 1 and A; = (.

Stage i. Let n = s(i). We will add only strings of length n to A4,. Since p;(s(j)) <
n for all j < 4, this will not effect the construction done in earlier stages.

Define

A={A,UZ | ZC¥"and ||Z]| =2"""'} and
B={A,UZ | ZC¥"and ||Z] =2""" —1}.

If there is a set X € AU B such that X fulfills requirement (R1), i.e., M7 is not a
BPP;;th machine, then define A;1; = X and go to the next stage. Otherwise, we
show that there is a set in A U B such that requirement (R2) is fulfilled.

Let X be a set such that the number of paths of M;X on input 1" is maximal for

all X € AU B. That is, we have
(%) (VY € AU B) [totalyy (1™) < totalyrx (1™)].

Suppose X € A. If 1" ¢ L(M;*), then we are done since 1" € L(X). Thus
suppose that 1" € L(M;X). For w € X N X", define X,, = X — {w}. By definition,
1" ¢ L(X,,). We claim that there exists a w € X N X" such that 1" € L(M; ). For
such a w, define A;y1 = X,,. Then requirement (R2) is fulfilled.

To prove our claim, assume that, for all w € X N X" it holds that 1™ ¢ L(MlX‘“)
By taking w out of X, at least accyx (1") — accy x. (1) accepting paths of M either
change to rejecting paths or disappear, and hence w must have been queried on those
paths. Since

Vv
— s W

1
accprx (1™) — acey, x., (1) total y;x (1) — 4 total ,,x., (1)

v

5 totalpsx (1") by (%),
each w € X N¥" is queried by M;X on input 1" on at least half of all paths. Thus
M asks at least 271} totalpx (1) = on=2 totalprx (1) queries to its oracle. On
the other hand, M cannot ask more than p;(n) totalysx (1) queries to its oracle.
Since p;(n) < 2772, this yields a contradiction.

The case X € B is symmetric. Here one has to define X, by adding a string w €
¥™ — X to X, and then, in case 1" € L(Min) for all w € ¥™ — X, argue regarding
the number of rejecting instead of accepting paths of M;. |
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4. If secure and oblivious computation differ, then P #PSPACE. We
show, for both threshold and probabilistic computation, that secure computation is
more powerful than oblivious computation only if BPP # PP (which would resolve
in the affirmative the important question of whether polynomial time differs from
polynomial space).

THEOREM 4.1. If there is a database D such that secureBPP}?ath # obli-
viousBPPL . then BPP # PP.

path>
Proof. Assume BPP = PP. Note that this implies that BPP = P#F (since
PPP = P#P [4] and BPP = PBPP). Let D be a database and let L be a language such
that L € secureBPPfath. We will show that L € obliviousBPPgath, thereby proving
the theorem.

Let N be the machine of Definition 2.6 certifying that L € secureBPPI?ath. We

may assume without loss of generality (since it is easy to see that secureBPPE&m1
machines can be amplified in the standard way and still remain secure) that the € of
Definition 2.6 satisfies e > }. Also, let p(n) be a polynomial, of the form n’ + i for
some integer i > 1, such that for all sets L the runtime of N is at most p(n).

Very informally summarized, in the following, a secure computation of N is
decomposed (query vector by query vector) to allow an oblivious BPP . machine to
mimic N’s computation. This will be possible because our assumption gives #P-like
computational power to our oblivious BPP 4, machine.

We will now define an oblivious machine @ such that QP certifies that L €
obliviousBPPL, .. Let z, |z| = n, be the input for NP. The computation of Q¥ has
essentially two stages. In the first stage, as long as the oblivious machine QP asks
oracle queries, it only has 0" available as input. What it does is the following: QP
simulates N? on input 0. At the end of each path, QP has defined a query vector,
say v. By the definition of secure computation, the proportion of occurrences of v is
the same in NP (0") and NP(z), that is,

path-occurences o gny(v)  path-occurences yo () (v)
total yo (O™) N total o (2)

(1)

In the second stage, @ gets access to its input « (and thus cannot ask anymore ora-
cle queries). Let aybp(y)(v) denote the number of accepting paths of NP(z) that
have query vector v. Roughly speaking, at each path with query vector v found
in the first stage, ) will append a full binary tree having approximately a por-
tion of b, (v)/path-occurences y b (,)(v) accepting paths. Therefore, QP will have
approximately the same overall acceptance behavior as N7.

More formally, we partition the unit interval into 27 intervals of equal length, for
some appropriately chosen ¢, and take the largest k/29, k € {0,...,279 — 1}, that is
still less than a o, (v)/path-occurences yp (,)(v) as an approximation for it. This is
done as follows. For a query vector vlet V. ={v | v € D and v is a component of v }.
Now, @ guesses k of length ¢ and tests whether (x,v,V k) € A, where A is defined
as follows. For y € ¥*, a vector w of at most p(|y|) strings each of length at most
p(|y]), a set of strings W each occurring as a component of vector w, and a string j
of length ¢, interpreted as a binary number between 0 and 29 — 1,

OZNW(y) (w)

-1
path-occurences yw (. (w)

(yw,W,j) €A <= j < 2°

Clearly, A € P#P and thus A is in BPP by assumption. Hence there exist a proba-
bilistic machine M 4 and a polynomial h such that M 4 accepts A with error probability
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bounded by 27¢, and furthermore, for any input (y, w, W, j), the computation tree of
My is a full binary tree with 2"(%D) paths.

In order to test whether (z,v,V, k) is in A, @ simulates M4 on input (z,v,V, k).
Q@ accepts x if and only if the simulation ends in an accepting state of M 4. This
completes the definition of Q.

We will argue that the machine @) has the desired properties. By the definition
of @, it is clearly an oblivious machine. Furthermore, for any given input z, let v be
a query vector that actually occurs in the run of N”(z). From equation (1), we get
that the portion of paths in the tree of QP that have query vector v is identical to
the portion in the tree of N (z) that have query vector v . We now argue that those
paths in QP (z) having query vector v have almost the same portion accepting as do
those paths in NP (x). Since v was an arbitrary occurring query vector, it will follow
that QP (z) has appropriate behavior.

By our construction, we can bound agn(,)(v), the number of accepting paths
of QP that have query vector v as follows. Let V be the associated answer
set for v. Note that ayv(,)(v) = ayp)(v) and path-occurences v,y (v) =
path-occurences yp ) (v). Hence we have (z,v,V,k) € A if and only if 0 < k <
|2 (anp () (v)/path-occurences yo(,)(v))] — 1. Since My has error probability at
most 277, we get the following lower bound for agp () (v):

OLND (x) (v)
path-occurences b, (V)

24

|21
path-occurences g (,(v) (1-271) < ago(g(v).

For an upper bound, we have to count the small number of extra accepting paths
caused by the error probability of M:

QN D (z) ('U)
path-occurences yp (v

24

24 y T 1
aqp(z)(v) < path-occurences o (,)(v) .
With these bounds on agp ;) (v), it is now easy to bound the error of Q¥ for query
vector v. Namely, let

aQD@ﬂv) aND@KU)

error(v) = -
(v) path-occurencesgo ;) (v)  path-occurences yp () (v)

b

then we get from the above bounds on agp(,)(v) that error(v) < 279*!. Since this
holds for each occurring query vector v, it certainly holds that 279! bounds the
overall error portion: the difference between the portion of accepting paths of N (x)
and the portion of accepting paths of QP (x) is at most 279%1. Now define ¢ = 4.

Since NP had an e (of Definition 2.6) of at least ;, and since we have ) — é = é, we
may conclude that QP is an oblivious machine accepting the same language as NP
and having € (of Definition 2.8) equal to §. O

The proof of Theorem 4.1 can easily be modified to show the corresponding result
for probabilistic classes.

COROLLARY 4.2. If there is a database D such that secureBPPP £ obli-
viousBPP? | then BPP # PP.

Recall that sets in obliviousBPP” have small circuits. Thus the existence of a
set in secureBPPP not having a small circuit would separate obliviousBPP? from
secureBPPP .
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COROLLARY 4.3. If there is a database D such that secureBPPP ¢ P/poly, then
BPP # PP.

Since P C BPP C PP C PSPACE, we immediately have the result promised in
the section title.

COROLLARY 4.4. If there is a database D such that secureBPPfath # obli-

viousBPPY | then P # PSPACE.

path>

5. Open problems. There are several open problems regarding BPPp,. Is
BPPpath contained in 5 or even in RNF? It seems that the proof technique of
Theorem 3.11 does not suffice to establish either of these relationships. Does BPP .1
have complete sets? There is a relativized world in which BPP lacks complete sets [14];
we conjecture that the same holds for BPPpa¢h.

Regarding secure computation, does there exist a structural condition
that completely characterizes the conditions under which (VD) [secureBPP? =
obliviousBPP? | or that completely characterizes the conditions under which

(VD) [secureBPPfath = obliviouSBPPgath]? The study, mentioned in section 2.2,

of classes between BPP? and secureBPP” and of classes between BPPfath and
secureBPPgath also remains an interesting open area.

Appendix. Randomized databases do not strengthen secure probabilis-
tic computation. The secure probabilistic computation of Definition 2.7 can be
considered a special case of two-player interactive computation. In particular, the
database can be considered a powerful player that truthfully answers difficult ques-
tions asked by a polynomial-time player. When the powerful player in a secure prob-
abilistic computation answers a query, it is unable to take the past history of trans-
actions into consideration. In contrast, players in the usual interactive computation
models can remember the history of past transactions. Nonetheless, the secure prob-
abilistic computation model is quite powerful. Even if the database is replaced with
a deterministic player that has unlimited computation power and memory, it is clear
that the resulting interactive computation can be simulated by a polynomial-time
player with a new database that is merely a set.

In this section, we consider the effect of allowing the powerful player to be prob-
abilistic. The resulting model is called a one-oracle instance-hiding scheme that leaks
at most the length of its input [5]. We present a slightly modified but equivalent
definition.

DEFINITION A.1 (one-oracle instance-hiding scheme that leaks at most the length
of its input). For a set L, a one-oracle instance-hiding scheme that leaks at most
the length of its input is a synchronous protocol executed by two players, M4 and
Mp. The number of rounds is bounded by a polynomial in the length of the input.
In each round, M4 does a randomized polynomial-time local computation and sends
a message (i.e., query) to Mp. Upon receiving the query from My, Mp does an
unbounded amount of local computation (possibly using an oracle and a random tape)
and sends a message (i.e., answer) to M. The round is completed when M4 receives
the answer sent by Mp. Let T denote the sequence of messages sent and received
by M4 along a computation path, and let T4 denote the random tape of My. After
the last round, M4 uses 7, Ta, and the input x to compute a value My(x). The
interactive computation scheme should satisfy the following two conditions:

1. [Probability of acceptance is bounded away from é] There exists an € > 0
such that for all x € $* it holds that Pr[M4(z) = L(z)] > } + €. (Note that the
probability depends on the combined effect of the randomness of both M4 and Mp.)
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2. [The messages reveal no information to an observer other than per-
haps the length of the input.| For every k € {0,1,2,...}, every vector v =

(q1, a1, g2, G2, ..., qk, Qk), q1, G1, G2, A2, ..., qk, Ak € X%, and every pair of strings
x € X* and y € T* such that |z| = |y|, it holds that

Pr[r = v on input x] = Pr[r = v on input y|.

For any polynomial p(-), the above probability % + € can be amplified to 1 —
272 via the standard technique of repeating computations and using the most
frequent result. Clearly, if L € secureBPP? for some database D, then L has a
one-oracle instance-hiding scheme that leaks at most the length of its input. The
following theorem, pointed out to us by an anonymous conference referee, shows that
the converse is also true.

THEOREM A.2. If L is a language that has a one-oracle instance-hiding scheme
that leaks at most the length of its input, then there exists a database D such that
L € secureBPP? .

Proof. Let L be a language that has a one-oracle instance-hiding scheme that leaks
at most the length of its input. In this proof, we use the notation of Definition A.1.
Following [1], we use the term transcript to denote 7, the sequence of queries and
answers along a computation path. Without loss of generality, we assume that no
transcript is a proper prefix of another transcript and that the length of an input
is passed to Mp as the first query. In this proof, we first show that Mp can be
modified so that it needs only a polynomial number of random bits. Then we show
that these random bits can be supplied by M 4, thereby eliminating the need for Mg
to be random. It follows that the resulting powerful but deterministic player can be
replaced with a set as claimed in the theorem. In the rest of the proof, we call the
machines M4 and Mp the client and the server, respectively.

Given an input of length n, the set of transcripts that have nonzero probabilities
define a tree whose depth is bounded by a polynomial in n. Let’s call this a strategy
tree. (As will become clear later in this proof, the strategy tree effectively defines
the strategy of the server. Also, it serves as a convenient template for modifying the
strategy of the server.) There are two types of nodes in a strategy tree: server nodes
and client nodes. These two types of nodes alternate in each path from the root to
a leaf. The root is a client node. The leaves are also client nodes. Each edge from a
client node is labeled with a query string; each edge from a server node is labeled with
an answer string. Each leaf represents a transcript that has a nonzero probability;
the transcript consists of labels read from the edges along the path from the root to
the leaf. Edges from the same node have distinct labels so that a transcript defines
a unique path in a strategy tree. Corresponding to each internal node in a strategy
tree, there exists a partial transcript that consists of the labels that are read from the
edges along the path from the root to the node.

Associated with each leaf is the probability with which the transcript correspond-
ing to the leaf occurs. Clearly, based on this probability distribution, we can associate
with each internal node the probability with which the partial transcript correspond-
ing to the node occurs. To each edge from a node, we associate the conditional
probability with which its label occurs as the next query or answer in a computation,
given that the current partial transcript of the computation is the one represented by
the node. Note that the sum of the probabilities associated with all the edges from a
node is one and that the probability associated with each node is the product of the
probabilities associated with the edges along the path from the root to the node.
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It is easy to see that an interactive computation reveals at most the length of
the input (in the sense of part 2 in Definition A.1) if and only if its strategy tree is
the same for all inputs of the same length. In particular, the strategy of the server
(that is, the probability distribution among edges from each server node) is the same
for all inputs of the same length. Further, if we modify the server but (i) we do
not add new transcripts to the strategy tree and (ii) the client is not changed, then
the resulting strategy tree is the same for all inputs of the same length. Hence we
may arbitrarily adjust the probability distribution among the existing edges from each
server node without affecting the instance-hiding nature of the computation. However,
such change could affect the acceptance probabilities of input strings. Therefore, in the
following, we carefully modify the behavior of the server so that the acceptance of each
input string remains intact. In particular, assuming without loss of generality that
the probability of correctness (in the sense of part 1 in Definition A.1) of the original
instance-hiding computation is greater than 27 we will ensure that the probability of
correctness of the modified instance-hiding computation is greater than g.

Let ¢(n) be a polynomial that bounds both the length of the label of each edge
and the depth of the strategy tree. The main obstacle in transforming the random-
ized server to a deterministic one is the fact that the probability of an edge from
a server node can be an arbitrary value. In order to get around the obstacle, we
adjust the probability of each edge from server nodes so that it is an integral mul-
tiple of 2-4°(M=a(M)=3 anq that it differs from the original probability by less than
9-a*(M=a(m)=3_ Thys the probability change at each leaf of the strategy tree is less
than q(n)2*q2(”)*qm)’3. Since there are at most 27" (™ leaves, it is easy to see that
the change in the probability of correctness of the whole computation is less than é.
Therefore, the probability of correctness of the modified secure computation is greater
than g. Note that the resulting strategy tree can be constructed by the server upon
receiving the first query (i.e., the length of the input). The server uses this strategy
tree to answer all the queries.

The server modified in this way needs at most a polynomial number (g(n)(q*(n)+
g(n) + 3)) of random bits. Hence the necessary random bits can be supplied to the
server by the client at the beginning of a computation. Note that this modification
affects neither the instance-hiding nature of the computation nor the probability of
correctness of the computation. The resulting server is deterministic, but it may not
yet be considered a deterministic function oracle since it may give different answers
to different instances of the same queried string. By prefixing each query with an
ppropriate public information with which the server can uniquely locate the current
stage of computation in the strategy tree (for example, {(g1,...,¢;—1) can be used as
a prefix to the ith query along a computation path on which ¢; (0 < j < i) is the
jth query), the server can be transformed into a deterministic function oracle. It is
easy to see that we can further modify the client so that it securely accepts the same
language with a set oracle (D) instead of a function oracle. Clearly, the resulting
computation is a secure probabilistic computation. 0
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DISJOINT ROOTED SPANNING TREES WITH SMALL DEPTHS IN
DEBRUIJN AND KAUTZ GRAPHS*

ZHENGYU GE! AND S. LOUIS HAKIMIf

Abstract. The problem of broadcasting long messages on store-and-forward communication
networks, where a processor (node) can send and receive messages simultaneously to and from all its
neighbors, was studied by Bermond and Fraigniaud. In such networks, the delays encountered by
a message from a node v to all other nodes over a broadcast spanning tree is directly proportional
to the length of the paths in the tree over which the message is sent. Furthermore, the speed of
the broadcast can be improved by the segmentation of the message at v into equal-length segments
and then the broadcast of these segments over arc-disjoint broadcast spanning trees simultaneously.
These observations lead Bermond and Fraigniaud to look for the maximum number of arc-disjoint
spanning trees in a deBruijn network rooted at an arbitrary node with small depths. This paper
improves and extends the results of the above authors.

Key words. broadcasting, communication networks, interconnection architectures, deBruijn
networks, Kautz networks, arc-disjoint spanning trees, fault-tolerant networks

AMS subject classifications. 05C05, 68M10, 68M15, 94

PII. S0097539793244198

1. Introduction. The deBruijn and Kautz networks represent a useful class of
interconnection architecture for multiprocessor systems [1, 2, 3, 4]. The normal defini-
tions of the deBruijn and Kautz networks yield digraphs; interesting and challenging
problems also arise when the directions of the arcs of these digraphs are ignored, thus
converting all arcs into edges and digraphs into graphs. We will denote the normal
deBruijn and Kautz digraphs by B(A, D) and K(A, D), where A is the out-degree
(and in-degree) of each node and D is the diameter of these digraphs. We will also
denote the associated undirected graphs by UB(A, D) and UK (A, D).

The deBruijn and Kautz digraphs have many desirable properties such as large
number of nodes (AP for deBruijn and AP + AP~ for Kautz digraphs), small diam-
eter D, nearly optimal connectivities (A — 1 for B(A, D) and A for K(A, D)), and
very simple routing procedures [1, 2, 6].

The arcs in digraphs represent directional communication links while edges in
graphs represent communication links that permit communication in either direction
but in one direction at a time. We will consider the store-and-forward model for
communication between nodes [5]. We will also assume that a node can simultaneously
send (receive) messages to (from) all its neighbors.

Broadcasting, that is, sending a message from a given node v to all other nodes
in the network, is an important network function that is often encountered in dis-
tributed computing or paralleled algorithms. To effectively broadcast a message from
a node v to all other nodes, one must accomplish this task at high transmission rates
(throughput) and with small delays. In a store-and-forward network, broadcasting a
message from node v occurs over the arcs of a (broadcast) spanning tree rooted at
v. The maximum delay that the message at v encounters is directly proportional to
the depth of this broadcast tree. Thus if we wish to broadcast a message at v to all

* Received by the editors February 8, 1993; accepted for publication (in revised form) April 13,
1995. This research was supported by National Science Foundation grant NCR-91-02534.
http://www.siam.org/journals/sicomp/26-1/24419.html
T Department of Electrical and Computer Engineering, University of California at Davis, Davis,
CA 95616 (slhakimi@Qucdavis.edu).

79



80 ZHENGYU GE AND S. LOUIS HAKIMI

other nodes with the least delay, we select a shortest-path spanning tree rooted at v
in the network as our broadcast tree. In fact, this choice would guarantee that the
message from v is received at every node with the least amount of time delay. Suppose
that we are also interested in the rate of transmission of the message at v. Barring
improvements in hardware, the way to achieve the improvement is through parallel
broadcasting. Parallel broadcasting involves the segmentation of the message at v into
d equal-length segments and then the broadcast of each of these d segments over one
of the d arc-disjoint broadcast trees in the network rooted at v. Improvement in delay
can also be achieved by pipelining the packets in the segmentation of the message in
each of these trees [1,5,9]. Since pipelining can be carried out independently of the
parallel-broadcasting technique discussed here, it will not be further elaborated.

The above observation lead Bermond and Fraigniaud [1] to look for the maximum
number of arc-disjoint broadcast trees rooted at node v with small depths in deBruijn
digraphs. More precisely, they showed that in B(A, D), there are A — 1 arc-disjoint
broadcast trees rooted at any node v, with the depth of each tree not exceeding
D +2| Y|+ 1(> 2D). This represents the speedup of the rate of transmission by a
factor of A — 1 and an increase in the maximum delay by 2| 5’ | + 1 over the shortest-
path broadcast tree.

In this paper, we say that two spanning trees are arc disjoint if no arc appears
in both trees, and we say that two trees are pseudo node disjoint if no node can be
internal nodes in both trees, where an internal node in a tree is a node which is
neither the root nor a leaf node of that tree. Thus in a group of rooted pseudo-node-
disjoint spanning trees, if a node is an internal node in one tree, it will be a leaf node
in all other trees. It is easy to see that if two spanning trees rooted at node v are
pseudo node disjoint, then they are also arc disjoint, with the possible exception of
arcs emanating from root v. However pseudo-node-disjoint trees generated in this
paper never share any arcs emanating from the root. Thus pseudo-node-disjoint trees
generated here are also arc disjoint.

In this paper, we present methods for generating pseudo-node-disjoint spanning
trees (PNDSTSs) rooted at an arbitrary node in B(A, D) and arc-disjoint spanning
trees (ADSTSs) rooted at an arbitrary node in K (A, D). More precisely, we will
demonstrate that there are A —1 PNDSTs of depth no greater than [351 in B(A, D)
and there are A ADSTs of depth no greater than [*]+1 in K(A,D).

One of the shortcomings of the above results is that they are obtained for digraphs
which are neither the normal model of the computer networks nor the interconnection
architecture of multiprocessor systems. We will present a proof for the existence of A
PNDSTs in UB(A, D), with the bound on the depths of these trees being at most 2D.
Although the removal of the directions on the arcs of K(A, D) may actually reduce
the depths of the A spanning trees in UK (A, D), we have not been able to prove that
the bound on the depths can always be reduced.

In the concluding section of this paper, the relations between the results of this
paper and certain measures of reliability of networks are explained.

2. Disjoint spanning trees in deBruijn and Kautz digraphs: Prelim-
inary considerations. B(A, D) is a digraph whose node set corresponds the set
of all sequences of length D on the alphabet {1,2,...,A}. For the Kautz digraph
K(A, D), the node set corresponds to all sequences of length D over the alpha-
bet {1,2,...,A + 1} provided no two consecutive letters in such a sequence can
be the same. We will refer to the sequences with this feature as Kautz sequences.
The set of arcs of B(A, D) corresponds the set of all sequences of length D 4+ 1 on
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the alphabet {1,2,...,A} and the set of arcs in K(A, D) corresponds to the set
of all Kautz sequences of length D + 1 on the alphabet {1,2,...,A + 1}. The arc
e = (a1,az2,...,ap41) in B(A,D) and in K(A, D) is from node (a1,as,...,ap) to
node (ag,as,...,ap41). There are exactly A arcs into and out of each node in B(A, D)
and K (A, D).

Let R = (r1,r2,...,7p) be a node in B(A, D) or K(A, D). We intend to broad-
cast the message at R to all other nodes. We are, in fact, seeking A — 1 PNDSTs
(respectively, A ADSTs) rooted at R in B(A, D) (respectively, in K (A, D)). We refer
to these sets of trees as TB(D, R) and TK (D, R), respectively.

The depth of a tree is the length of a longest path in the tree starting at the root
R. Furthermore, if a node u (respectively, an arc e) is the ith node (arc) in a path in
the tree from R, then the node u is said to be at the (i — 1)th level and the arc e is
at the ith level, while the root R itself is considered at the Oth level.

We call u = (a1,az,...,ap) € B(A,D) a corner node if a; = as = -+- = ap.
There are exactly A corner nodes in B(A,D). If R = (r1,r2,...,rp) is a corner
node, then R has A — 1 outgoing arcs, excluding the loop, in B(A, D) and thus each
of the A — 1 trees in TB(D, R) rooted at R has exactly one outgoing arc incident
at R. Otherwise, R will have A outgoing arcs; thus all but one of the A — 1 trees
in TB(D, R) have exactly one outgoing arc incident at R and the exceptional tree
in TB(D, R) may have two arcs incident at R. We call the other end nodes of these
outgoing arcs from R the subroots. For K(A, D), which does not have the corner
nodes, all the A trees in TK (D, R) have exactly one subroot.

Let G(V, E) be a digraph with node set V' = V(G) and arc set E = E(G). For
veV,letTv={ueV|(v,u) € E}and I'lv = {u e V| (u,v) € E}. We will call
I'v the successors of v and I'"'v the predecessors of v. If G is a rooted directed tree,
the successors of v are called child nodes of v and the predecessor of v is called the
parent node of v.

The line digraph of digraph G, denoted by L(G), is a digraph with V(L(G)) =
E(Q), that is, there is a node in L(G) for each arc in E(G); and, furthermore, there
is an arc in L(G) from e; to ey if the sequence of arcs ejes forms a directed path in
G.

LEMMA 2.1. (See [3, 6, 7].) Let B(A, D) and K(A, D) be the deBruijn and Kautz
digraphs as previously defined. Then for each D > 1, B(A,D + 1) = L(B(A, D))
and K(A,D + 1) = L(K(A,D)) and consequently B(A,D) = LP(B(A,1)) and
K(A,D) = LP(K(A,1)), where LP(G) = L(LP~YG)), B(A,1) is a complete di-
graph on A nodes with a loop on each node, and K(A,1) is a complete digraph on
A + 1 nodes without any loops.

Let a,b € {1,2,...,A} and A > 2. (Since our problem is trivial when A = 2, this
case will not be considered.) An a — b node is a node u = (a1, as,...,ap) such that
a; € {a,b} for i =1,2,...,D. Note that a corner node is a special case of the a — b
nodes when a = b. Thus the following theorem is a generalization of a result in [1].

THEOREM 2.2. Let R = (r1,79,...,7p) be an a—0b node in B(A, D). Then there
is a set TB(D,R) of A —1 PNDSTs rooted at R in B(A, D) with depths equal to
D+ 1.

Proof. An algorithm is offered in this proof which provides the A — 1 PNDSTs
described in Theorem 2.2. Actually, we will prove a stronger result as follows. If u
is an internal node in one tree of TB(D, R), then it must be a node at the last level,
D + 1, in all other trees in TB(D, R). Thus the trees in TB(D, R) are definitely
pseudo node disjoint.
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Consider the set of A — 2 shortest-path spanning trees T"(s;) in B(A, D) rooted
at the A—2 nodes S; = (ra,...,rp,s;) with s; € {1,2,..., A} —{a,b}. We first prove
that these trees {T"(s;) | s; € {1,2,...,A} — {a,b}} are pseudo node disjoint.

Consider two such trees T'(s;) and T"(s;) with s; # s;. Note that the depths of
these trees are D. For convenience, though an abuse of notation, we say that the root
S; is at level 1 in T'(s;) and thus the last level nodes in T7(s;) are at level D + 1.
Let u and v be nodes in T'(s;) and T"(s;) at levels p and ¢ from the roots S; and S,
respectively. Assume that both u and v are not nodes at the last levels, D 4+ 1. Then
ifl<p<D-1land1<¢<D-—1, we can write

U= (Fpt1s---sTDSi;T15- -, Tp—1), zs€{1,2,...,A} fors=1,...,p—1,
v:(Tq+17'"’TD7Sj7y17"'7yq—1)7 yt€{1727"'7A} fOI‘tzl,...,q—l,

and if p=D and g =D,

w=(Si&1,...,Tp—1), xs€{1,2,...,A} fors=1,...,D—1;
v=(85,Y1,---,YD=-1)s yr € {1,2,...,A} fort=1,...,D—1

Because R is an a — b node, 7y € {a,b} Vk,s;,s; € {1,2,...,A} —{a,b}, and s; # s,
we have u # v. Therefore, any node v € B(A, D) could be an internal node in at
most one of the trees in {T7(s;) | s; € {1,2,...,A} —{a,b}}. This implies that T"(s;)
and T"(s;) are pseudo node disjoint.

Since s; & {a, b}, all a — b nodes, including node R, are in level D + 1 of T"(s;),
and thus they are leaves. This implies that if we remove the arc into R from T"(s;)
and add the arc (R, S;) € B(A, D) to it, we obtain a new tree denoted by T'(s;). It is
easy to see that {T°(s;) | s; € {1,2,...,A}—{a,b}} are directed spanning trees rooted
at R and that they are pseudo node disjoint of depths D + 1.

Before proceeding to construct the last tree in TB(D, R), we would like to
clarify the relation between the levels of the nodes in the trees in {T'(s;) | s; €
{1,2,...,A} — {a,b}} and the labels (i.e., sequences) associated with the nodes. For
example, consider the nodes in T'(s;) in the following order. The root R at level 0
followed by the subroot S; at level 1, a node at level k, 1 < k < D, a node at level D,
and finally a node at level D + 1 will have the following labels:

R=(ri,ro,...,tp) = S; = (ra,...,rp,8i) =+ — (Tka1,--,TDySi, T1y. -, Th—1)

—>-"—>(Siamla-~-7$D—1)—>(.T1,...,1‘D).

We will use this notation to designate a node at a particular level, say in tree T'(s;).

We will now prove that there is one more tree rooted at R in B(A, D) of depth
D + 1 which is pseudo node disjoint from the trees in {T'(s;) | s; € {1,2,...,A} —
{a,b}}. (The special case of the above claim, when a = b, has already been established
in [1]). Toward this goal, we proceed as follows. Let S, = (r2,...,7p,a) and Sy =
(ro,...,rp,b), a # b, be the two subroots, and let T'(ab) be a constrained shortest-
path spanning tree rooted at R in B(A, D) in which every path starting at R passes
through the subroot S, or Sy. Note that the length of a path in 77(ab) from R to any
node whose first letter is in {a,b} is at most D, and otherwise, this length is D + 1.
It is easy to see that the depth of T"(ab) will be D + 1.

Let T"(a) and T"(b) be the partial trees of T”(ab) rooted at nodes S, and Sy,
respectively. Note that V(T"(ab)) = V(T'(a) UT’(b) U R). Without loss of generality,
let u € T'(a) be a node of T'(ab) at level p, 1 < p < D. If u is identical to a node
veT(s;), si €{1,2,...,A} —{a,b}, at level ¢, 1 < ¢ < D, then we have

V= (Tgy Tqh2s e oy vveseeeyrennyenes DS, T1ynen, Tg—1),
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where z1,...,24-1 is an arbitrary sequence over {1,2,...,A}. Since u = v and
s; & {a, b}, we may write

u = (rp+17rp+27 -+-»TD,,01,02,...,0p—q—1,8i, L1, - a-rq—l)a
where ay,as,...,a,-4—1 is an a — b sequence. Since the length of the a — b sequence,
ai,az,...,ap—q—1, is nonnegative, we have p—q¢—12> 0, or
g<p—1

Note that u and v may or may not be internal nodes in their respective trees.

Suppose an internal node v’ at level h, h < D, of T'(ab) is a node at level D+1 in
all other trees T'(s;), s; € {1,2,...,A} —{a,b}. Then we claim that all nodes on the
path in 77(ab) from R to u’ excluding R are also nodes at level D+1 in all other trees
T(s;), si €{1,2,...,A} — {a,b}. To see this, suppose otherwise; that is, there is at
least one node on the path from R to w’ in T”(ab) that is not at level D+1 in all other
trees T'(s;), s; € {1,2,...,A} — {a,b}. Among all such nodes, let w be the closest
one to u'. Suppose w is at level p, p < h—1< D — 1, in T’(ab), and assume w is at
level ¢, ¢ < D, in some other tree T'(s;). As before, we must have ¢ <p—-1<D —2.
Since T'(s;) was produced from the shortest-path spanning tree T”(s;) rooted at S;,
the successor nodes of w in B(A, D) are at a level at most ¢ +1 < D — 1 in T(s;).
This implies the child node, say z, of w which is on the path from w to v’ in T"(ab)
is also not at level D + 1 in all other trees. This is a contradiction since w was the
closest one to u'.

The above claim states that if 77(ab) contains some internal nodes, denoted by
I,(T'(ab)), that are not at level D + 1 in all other trees T'(s;) Vs; € {1,2,...,A} —
{a, b}, then the child nodes of any node in I,,(T’(ab)) are either in I,,(T7"(ab)) or are
leaves of T'(ab). This in turn implies that there is a node in I,,(T7"(ab)) whose child
nodes are all leaves. Without loss of generality, let u € T'(a) be such an internal node
at level p, p < D, of T'(ab) whose child nodes are all leaves. Suppose u is identical to
veT(s), s; €{1,2,...,A} —{a,b}, at level ¢, ¢ < p — 1. Let the node u* € T'(ab)
be defined as follows:

X (k
u = (rp+1vrp+23 -+ TD,&,41, ... ,Ap—q—1,8i, L1, - .- 71'11—1)

or, equivalently,

* *
U = (Tg 1 Tqh2r o oreeeseeeser s "Dy ST, e s Tgo1),

where 1y =174 € {a,b}, 5.1 # rpi1. Note that u* and u have the same successor
nodes in B(A, D). Let T"(ab) be obtained from T”(ab) by transferring the child nodes
from w in T"(ab) to u* in T"(ab). We will establish that (i) the depth of T"(ab) is
still D 41 and (ii) all nodes on the path from R to u*, excluding R but including u*,
correspond to nodes at level D + 1 in all other trees T'(s;), s; € {1,2,...,A} —{a,b}.

We will explain shortly that the validity of the two statements above enables
one to use the above process of transferring child nodes to eliminate all internal
nodes in 7" (ab) which could possibly be internal nodes in any other tree T'(s;), s; €
{1,2,...,A} — {a,b}.

(i) Since the first letter in «* is in {a, b}, the distance from R to u* in T"(ab) is
at most D. Since the child nodes of u in 7”(ab) are leaves, the depth of 7" (ab) is not
more than D + 1.
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(ii) Let w be a node on path from R to u* in T"(ab) at level, say k. Note that if
k>p—q+1, then

_ *
w = (rk+17Tk+27 .- '7Tp7rp+1?rrp+27 -o DA, A1, -, Ap—q—1,8i, L1, - - - 7xk+q—p—1)

or, equivalently,

"
(1) W= (Thiaqoptir T Taqitr Tqt2s-ceseeeseeeseesTDySi, Tl e s Thgqop1)-

On the other hand, if ¥k < p — ¢+ 1, then w will be an ¢ — b node. However, if w
is an a — b node, we already know that w will be at level D + 1 in all trees T'(s;),
si €{1,2,...,A} — {a,b}. Therefore, we need to examine the case when w is not an
a — b node. To the contrary, suppose w is at level m, m < D, in some other tree, say,
T(sn), sn € {1,2,...,A} —{a,b}. Then we have

(2) w = (rm+1arm+27"'7"'a"'a"'7TD;Sh7y17y27"'aym—l)a

where y1,¥y2,...,Ym—1 is an arbitrary sequence over {1,2,...,A}. Since the subse-
quence in equation (1) up to s; and the subsequence in equation (2) up to s; are
a — b sequences, we have s; = sp. This implies that w is in T'(s;) = T'(sp) at level
m =k + g — p, but this is impossible because then equation (2) becomes

(3) W= (Thpqeptis- - sTqsTab1sTqt2ycvseresecerensTDy S, L1, oy Lhpqop—1);

this is a contradiction to (1) as rg41 # 751 1-

At this stage, we can conclude that if u € T"(ab) whose child nodes are all leaves
in T’ (ab) is not at level D + 1 of all other trees T'(s;), s; € {1,2,...,A} — {a,b}, we
can always transfer the child nodes of u to u*, consequently forcing u to be a leaf in
T"(ab), and the path length from R to the child nodes will not exceed D + 1.

We do this examination and adjustment from all parent nodes of the leaf nodes
in T"(ab) backward to lower levels until we meet the internal nodes such as u’ which
are at level D + 1 of all other trees T'(s;), s; € {1,2,...,A} — {a,b}. The resulting
directed tree, denoted by T'(ab), will be pseudo node disjoint from the other A — 2
trees. This completes the proof of Theorem 2.2. g

We will now present the counterpart of Theorem 2.2 for K(A, D). Let a and b
belong to {1,2,...,A, A+ 1}, a # b, and A > 2. Note that there are exactly two
a — b nodes in K(A, D) for the specified a and b, (...abab) and (...baba). Thus the
total number of @ — b nodes in K(A, D) is 2(A;1). For simplicity, we will denote the
Kautz sequence (...abab) of length p ending with letter b by {ab}, and the Kautz
sequence (...baba) of length ¢ ending with letter a by {ba}g.

THEOREM 2.3. Let R be an a — b node in K(A,D). Then 1. there are A — 1
PNDSTs rooted at R in K(A, D) of depths D + 1 and 2. there are A ADSTs rooted
at R in K(A, D) of depths D + 2.

Proof. We begin with an algorithm for constructing the A — 1 PNDSTs rooted
at R in K(A, D) of depths D + 1 for the proof of part 1 of Theorem 2.3.

1. Without loss of generality, let R = (...abab) = ({ab}p). Fors; € {1,2,..., A+
1} — {a,b}, let S; = (...ababs;) = ({ab}p—_15;), and let T'(s;) be the shortest-path
spanning tree in K (A, D) rooted at S;. The depth of T'(s;) is D, the root S; is
considered at level 1, and the last level is D + 1. Note that there are A — 1 such trees.
Consider two of them, T"(s;) and T"(s;) with s; # s;. We will now show that 7"(s;)
and T"(s;) are pseudo node disjoint. Let u and v be possible internal nodes in 7" (s;)
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and T"(s;) at levels p and ¢ from the roots S; and S; respectively, 1 < p < D and
1<qg<D.

u= ({ab}p_psi{1,2,...,A+1 ;f’i)»
v=({ab}p_gs;{1,2,..., A+ 1};591),

where {1,2,..., A+1} ] is an arbitrary Kautz sequence of length p—1on {1,2,..., A
+ 1} whose first letter is not s;. It is now easy to see that because s; # s;, s; & {a, b},
and s; & {a,b}, we have u # v. This implies that T'(s;) and T"(s;) are pseudo node
disjoint.

Note that all nodes at levels from 1 to D in T”(s;) contain the letter s; in their
labels; thus since R is an a—bnode, R is at level D41 of T'(s;), s; € {1,2,...,A+1}—
{a,b}. Then the arc into R is removed from T"(s;) and the arc (R, S;) of K(A, D) is
added to T”(s;). The resulting tree is denoted by T'(s;), s; € {1,2,...,A+1} —{a, b}.
The set {T'(s;) | s; € {1,2,...,A+ 1} — {a,b}} constitutes a set of A — 1 PNDSTs
rooted at R in K(A, D) of depths D + 1.

Similar to the deBruijn case, the nodes, say in T'(s;), at level 0, level 1, level
p,1 <p < D, level D, and finally at level D + 1 will have the following labels:

R= ({ab}D) — Sz = ({ab}D,lsi) — s ({ab}D,psi{l,Z ey A + 1};;911)
s ({12, A1) — (L2, A+ 1),

2. We will build a new tree of depth D + 2 denoted by T'(ab) which is arc disjoint
from all trees in the above set. Let T”(ab) be the shortest-path spanning tree rooted
at the subroot Sy, = (...ababa) = ({ba}p). We now wish to characterize the nodes
in 7" (ab). We say that the node Sy, = ({ba}p) is at level 1 of T”(ab), and it is easy
to see that the nodes at level 2 of T"(ab) are

({ba}p-15K), sk € {1,2,..., A+ 1} — {a}.

Note that R = ({ab}p) is at level 2 with s, = b. Generally, the nodes at level p of
T"(ab), 2 < p < D + 1, have the form

({ba}p—pr1se{l,2,..., A+ 1} %5), s, € {1,2,...,A+1} —{a}, 2<p<D+1

By removing the arc (Sab, R) from T"(ab), discarding the partial tree rooted at R
in 7" (ab), and adding the arc (R, Sq) of K(A, D) to T"(ab), we build a subtree in
K (A, D), denoted by T'(ab). T"(ab) can be characterized as follows. Beginning with
root R and then subroot S,y = (...ababa) = ({ba}p), the tree T’ (ab) proceeds as
the maximum breadth-first subtree with depth up to D + 1 which contains as many
nodes of K (A, D) as possible. At this stage, T'(ab) is not a spanning tree, and every
path from R to any node u in it is the shortest path in K (A, D) which begins with
R and then S,p. In fact, the node set at level p, 2 < p < D+1, in T'(ab), denoted by
Vin (T’ (ab)), has the form

Vin(T"(ab))
= {({ba}p—pr18:{1,2,...,A+1},%) | s € {1,2,..., A+ 1} — {a,b},2< p< D +1}.

It can be easily seen that the nodes that are missing from 7”(ab) may be described
by

Vinis (T” (ab))
= {({ab}p—psi{1l.2,...,A+1},%0) [ s € {1,2,...,A+1} — {a,b},1 < p< D — 1},
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which are the nodes of the partial tree in 7" (ab) rooted at R. Note that V(K (A, D)) =
{RU Sap U Vin(T'(ab)) U Viyis(T"(ab))}.

We first claim that the subtree T”(ab) is pseudo node disjoint from those trees in
{T(si) | s € {1,2,...,A+ 1} — {a,b}}. To see this, we observe that the set of the
nodes at level ¢, 1 < ¢ < D, say in T(s;), may be described as follows:

Vin(T'(s:))
= {({ab}p_gsi{1,2,..., A+ 1};_51'1) |s;i€{1,2,...,A+1} —{a,b},1 < ¢ < D}.

Now let us consider the above set of nodes. If 1 < g < D — 1, it is easy to see that
these nodes belong to Vinis(T'(ab)). If ¢ = D, these nodes all belong to Vi, (T"(ab)) at
level p = D + 1. This proves the claim.

To complete the proof, we will show that for each node u € Viis(T”(ab)), there
exists a node v’ € Vi, (T"(ab)) at level D 4+ 1 of T'(ab) such that the arc (u/,u) is not
in any tree in the set {T'(s;) | s; € {1,2,...,D + 1} — {a,b}}. Let

u= ({ab}p-psi{l,2,...,A+1},%), 1<p<D-1
If p =1, we select
u' = (si{ab}p-1);
if 2<p<D—1, we select
u' = (si{ab}p_psi{1,2,...,A+1}%).

We first observe that «’ is at level D + 1 in the trees T'(s;), s; # s;. Thus the arc
(u',u) cannot exist in these trees T'(s;) in this case. In T'(s;), node u is at level p,
p < D —1, and v is at level D, which implies that the arc (u’,u) cannot belong to
T(s;) either. Note, however, that v’ is an internal node in T'(s;) and T (ab). 0

3. Disjoint spanning trees in deBruijn and Kautz networks: General
case. We first consider the problem of constructing A — 1 PNDSTs in B(A, D)
rooted at an arbitrary node R = (r1,r9,...,rp). This set of trees will be denoted
by TB(D, R). We call the reader’s attention to two groups of nodes around R in
B(A, D). The first group consists of the subroots, denoted by Sp(R), that are the
successor nodes of R; more precisely,

Sp(R)=T(R)={u|u=(re,...,7p,s:),s8 € {1,2,...,A}}.

The second group is the other A — 1 predecessors of the subroots, called adopters,
denoted by A4(R),

Ag(R) ={u|u=(d,re,...,rp),d€{1,2,..., A} and d # r}.

Note that R U A4(R) are the whole set of the A predecessors of the subroots.

Let p be the minimum nonnegative integer such that the last D — p letters in
R = (r1,r2,...,rp) are an a — b subsequence for some letters a and b which belong
to {1,2,...,A}. Let R(0) = (Tpt1,Tp+2,---,7D) represent this subsequence and note
that D — p > 2. Our process for obtaining the A — 1 PNDSTs in TB(D, R) is based
on a recursive algorithm involving p + 1 stages.

Let D(i), R(i), and B(A,D(i)) denote the diameter, the root, and the de-
Bruijn digraph in stage i, 0 < ¢ < p. Note that D(i) = D —p + 4 and R(i) =
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(rp—it1,Tp—it2,-..,7p). Initially, in the Oth stage of our algorithm, let D(0) =
D —p, R(0) = (rp+1,"p42; - - - ,7p); we find the A —1 PNDSTs in TB(D(0), R(0)) in
B(A, D(0)). Since R(0) is an a — b sequence, Theorem 2.2 establishes that the A —1
PNDSTs in TB(D(0), R(0)) exist, and these trees have depths D — p+ 1. In the fol-
lowing stages, 1 < ¢ < p, we recursively use the following algorithm, whose ith stage
involves finding the A — 1 PNDSTs, TB(D(i), R(i)) = {t/(i),j = 1,2,...,A — 1}, in
digraph B(A, D(i)), where t/(i) denotes a tree in TB(D(i), R(i)). Note that when
i = p, we obtain the desired set TB(D(p), R(p)), where D(p) = D, R(p) = R.

Assuming that we have obtained TB(D(i — 1), R(¢ — 1)), which are PNDSTs for
B(A,D(i — 1)), we will now present the ith stage of the algorithm, which consists of
three steps. Also, we present a number of simple observations within the description
of the algorithm; most of the proofs for the observations are elementary and are left
out.

ALGORITHM. (For the ith stage, 1 <i <p.)

Step 1. Note that the root R(:) = (rp—it1,Tp—it+2;---,7D) € B(A,D(7)) corre-
sponds to the arc directed toward R(i — 1) in B(A, D(i — 1)). We add an auxiliary
node z(i — 1) = (rp—it1, "p—it2; - .., "p—1) With the arc R(i) = (z(: — 1), R(i — 1)) to
each of the A —1 PNDSTs in TB(D(i — 1), R(i — 1)). We denote these augmented
trees by TB*(D(i — 1),R(i — 1)) = {t*/(i — 1),j = 1,2..., A — 1}, and we say that
the arc R(i) is at the Oth level of trees in TB*(D(i — 1), R(i — 1)). We find the line
digraph t7 (i) of each tree in TB*(D(i — 1), R(i — 1)), denote the resulting set by
TBL(D(i),R(i)) = {t} (i),j = 1,2...,A — 1}, and refer to the set of the trees as the
line trees.

We make the following observations: 1. Let t} (i) € TBr(D(i), R(i)) be the line
tree of the tree t*7(i —1) € TB*(D(i—1), R(i—1)); then we have V (¢} (i)) = E(t*/ (i —
1)), where E(t*(i — 1)) is the arc set of tree t*7(i — 1) which contains all of the arcs
in ¢7(i — 1) plus the arc R(i). 2. Each digraph ¢} (i) in TBr(D(i), R(i)) is a subtree
of B(A, D(7)) rooted at R(i). 3. Since the trees in TB(D(i — 1), R(i — 1)) are pseudo
node disjoint and therefore also arc disjoint, the line trees in T'Br(D(i), R(i)) are
strictly node disjoint except at R(7), and thus each node of B(A, D(4)) except R()
is in at most one tree in T B (D(4), R(7)). 4. The depth of the trees TBr(D(i), R(i))
are the same as those of the trees in TB(D(i — 1), R(i — 1)), and an arc at level m
in a tree in TB*(D(i — 1), R(i — 1)) becomes a node at the same level in a tree in
TBL(D(i), R(1). |

Step 2. We extend the line trees ¢} (i) € TBr(D(i), R(7)) as follows. We take
each node, except R(i), in each tJL(z) and add as many as possible outgoing arcs
which are available at that node in B(A, D(i)) and whose other end nodes are not
already in t] (i), to this node. The resulting digraph is denoted by ¢} (). We do
this for all line trees ) (i) € TBL(D(i), R(i)), and we denote the set of ¢} (i) for all
Jj by TBrg(D(i), R(i)). We call this set of digraphs the extended line trees, and we
will show later that the extended line trees are in fact trees within the observation 1
below and its proof.

We now make the following observations; the proofs for observations 1 and 5 are
given at the end of this algorithm and the proofs of the other observations are simple
and thus are left out: 1. Each extended line tree t} (i) € TBrg(D(i), R(i)) is a
subtree of B(A, D(i)) rooted at R(i). 2. The extended line trees in T Brg(D(i), R(7))
are pseudo node disjoint because the line trees in T'Br(D(i), R(3)) are strictly node
disjoint and we only do breadth-first extension to the nodes in T By, (D(7), R(7)); thus
no nodes can be internal nodes in more than one tree. 3. From observation 1 in Step
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1, these nodes added to a line tree ti (i) correspond to the arcs which did not belong to
the tree ¢*/(i — 1) in TB*(D(i — 1), R(i — 1)), and they are leaf nodes in the extended
line tree t ;;(¢) in TBrp(D(i), R(7)). 4. The depths of the extended line trees increase
by one from those of the trees in TB(D(i — 1), R(i — 1)). 5. The nodes of B(A, D(7))
which do not already belong to an extended line tree t} (i) € TBrg(D(i), R(1)),
denoted by Viis(t) (1)), are given by

Vinis(#5(1))
={u= (rp_itr2,.--,7p,x) | € {1,2,..., A}, uis not a subroot of  ,(i)}.

Note that the set Vmis(tJéE(i)) corresponds to the outgoing arcs from R(i — 1) in
B(A,D(i — 1)).
Step 3. Consider the set of adopters

Ad(R(Z)) = {CL&(’L) = (d]7 Tp—it+2;--- 7TD) | dj € {1727 . 7A} and dj 7£ Tp—i+1}~

Note that the set of adopters corresponds to the incoming arcs into R(: — 1) in
B(A, D(i—1)), and such arcs do not belong to any tree in TB(D(i—1), R(i—1)). From
observation 3 in Step 2, the adopters are leaves in every tree of TBrg(D(i), R(7)).
Furthermore, because R(7 — 1) is not a corner node and thus has no loop at it,
Aa(R(7)) N Viis(t] (1)) = 0 Vj. Also note that the A — 1 adopters are the other
predecessors of Vmis(ti (1)), we can easily establish a 1-1 mapping between nodes
in A4(R(7)) and the extended line trees in TBrg(D(i), R(i)) by arbitrarily selecting
one adopter a’j(i) € Aq(R(i)) to map to one tree ¢} (i) € TBrg(D(i), R(i))Vj and
add the missing nodes Viis(t), (7)) to ] (i) by adding the arcs from a’ (i) to each
missing node of Vinis(t] (i), thus making #} (i) a spanning tree, denoted by ¢/ (i).
The set of these new trees t/(i) is denoted by TB(D(i), R(7)). From observation 2 in
Step 2, it is clear that the trees in TB(D(i), R(i)) are PNDSTs. Obviously, if adopter
a’j(i) at the last level of ] (i) is selected for ¢ ,(7), then after adding the missing
nodes Viis (£ (7)) to a’y(4) in ) (i), the depth of ¢/ (i) will increase by one from that
of ) (7). Otherwise, the depth of #/(i) will remain the same as that of ) ;,(4).

Proof of observations 1 and 5 of Step 2. To prove observation 1 in Step 2, we
must show that the resulting graph ¢} (i) € TBrgr(D(i), R(i)) is a rooted tree, in
particular, we are going to show that there is no node, say w € B(A, D(7)), which
is not in ¢ (i) that can have two or more distinct predecessors in ¢} (i). Suppose
otherwise; then there must be nodes u € #} (i) and v € ¢} (i) and a node w ¢ tJ (i)
such that arcs (u,w) and (v,w) € B(A,D(i)). Note that the nodes u, v, and w
correspond to arcs, say ey, €,, and e, in B(A, D(i — 1)), and that both arcs e, and
e, are directed to the tail node of arc e,, in B(A, D(i —1)). On the other hand, since
nodes u and v € t7 (i), from observation 1 of Step 1, we have that both arcs e, and e,
belong to t7(i — 1). This is impossible because /(i — 1) is a tree and thus each node
has only one incoming arc in it.

We will now prove observation 5 of Step 2. Note that each node u of B(A, D(i))
corresponds to an arc e, = (u/,u”) of B(A,D(i — 1)). We consider two cases. Case
1: node w’' # R(i — 1). Since u’ € B(A, D(i — 1)) belongs to every tree in TB(D(i —
1), R(i—1)), v/ has A—1 incoming arcs in TB(D(i—1), R(i—1)), one arc belonging to
each tree in the set. Note that these A —1 arcs are adjacent to arc e, through node v’
in B(A,D(i—1)). Therefore, these A — 1 arcs become A — 1 nodes, one node in each
tree in TBr,(D(i), R(i)) after Step 1, and thus node u belongs to all of the A —1 trees
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of TBrr(D(i), R(i)) definitively after Step 2 in this case. Case 2: if v’ = R(i — 1),
those incoming arcs to v’ = R(i — 1) correspond to the set of nodes R(i) U A4(R(7)),
and these arcs do not belong to the trees in TB(D(i—1), R(i—1)). In this case, node u
must belong to the set Sy (R(4)). For any ¢ (i) € TBrg(D(i), R(7)), note that ¢} ,(i)
has already had one (or possibly two) member(s) of Sp(R(7)) in it as its subroot(s).
From observation 3 of Step 2, the nodes in Ag(R(7)) are leaf nodes without children
in TBrg(D(i), R(7)); thus all the other members of S;(R(i)) have to be absent from
t} (i) € TBLg(D(i), R(7)). This proves that Viis(¢] (7)) is as claimed. 0

A trivial bound of 2D — 1 on the depths of the trees in TB(D, R) may be es-
tablished as follows. From the above algorithm, observe that the depths increase
by one in Step 2 and by at most one in Step 3. Since initially the depths in
TB(D(0),R(0)) are D — p + 1, after p stages, the depths will increase to at most
D—p+142p=D+p+1<2D—1since p < D —2. However, we will prove a much
stronger result in the following theorem.

THEOREM 3.1. There are A—1 PNDSTs rooted at any node in B(A, D) of depths
not exceeding [*F7.

Proof. We prove this theorem by induction on the stage number, i, 0 < i < p.
Note the that the diameter of B(A, D(0)) is D(0) = D — p, the depth of the trees in
TB(D(0), R(0)) is D—p+1 by Theorem 2.2, and since D—p > 2, D—p+1 < [3(D—p)].
Thus the theorem is correct when ¢ = 0.

Assume that Theorem 3.1 is true for TB(D(i — 1), R(i — 1)). The proof of ob-
servations 1 and 5 of Step 2 of the algorithm implies that we will be able to obtain
the trees in TB(D(7), R(3)) from TB(D(i— 1), R(i — 1)); this would in turn imply the
correctness of the algorithm. We will now prove the bound on the depth of the trees
in TB(D, R). ‘

If in the ith stage, an adopter a’(i) = (dj,Tp—it2,...,7D), dj # Tp—it1, at the
last level of a tree ) (i) € TBrg(D(i), R(i)) is chosen, then the depth of /(i) €
TB(D(i), R(i)) will increase by two from the depth of t/(i—1) € TB(D(i—1), R(i—1))
in stage i. In this case, note that the nodes in the last level of /(i) are the nodes
u € Vinis(t] (1)), that is, u = (rp_;42,...,7p, s3) for some sp,, and u is not a subroot
of tiE(z) Then after Step 2 of the next stage, stage ¢ 4+ 1, the nodes at the last level
of tree t) (i + 1) € TBLg(D(i + 1), R(i 4 1)) will have the form

(4) U = (rp—iy2, Tp—it3,- -, TDsSh,x), = €{1,2,... A}

We claim that the nodes at the last level of t‘i g(i+1) cannot belong to the adopter
set Ag(R(i +1)). This would mean that the depth of ¢4 ,,(i 4+ 1) will not increase by
the action of Step 3 of stage i+ 1, which in turn implies that the depth of #/ (i +1) will
increase by at most three in two contiguous stages from that of /(i — 1). Therefore,
after p < D — 2 stages, the depths will increase by at most f32p 1. Since the depths of
the initial tree rooted at an a—b node are D—p+1, the depths of the trees in TB(D, R)
are less than or equal to D —p+ 1+ [#] =D+ [P]+1< D+ [P;2]+1< [3P].

To prove this claim, assume v’ € Ag(R(i + 1)). By the definition of the adopter
set,

(5) Ul = (dj,?”p_i+1,...,7’D), dj #Tp_i.
From equations (4) and (5), we have rp_j4+1 = Tp_i+3, Tp—it2 = Tp_itd, and rp_;j43 =
Tp—it+5,.-.,"D—2 = rp. However, this would imply that the root R(¢) = (rp—it1, "p—it2,

...,rp) is an @ — b node like (abab...). This is a contradiction since R(i) is not an
a — b node for ¢ > 1. 0
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Our next goal in this section is to show that there are A ADSTs in K (A, D)
rooted at an arbitrary node R = (r1,72,...,7p). This set of trees will be denoted by
TK(D, R). Two sets of nodes around R in K (A, D) are of particular interest (as in
the deBruijn digraph case): the subroots Sp(R),

Sb(R) :F(R) = {U | U= (7127"'er;872)781' € {172a7A+1} and Si 7é TD};
and the adopters A4(R),
Ad(R) = {U | U= (d,’l"Q,.--,TD),dE {1a2a7A+1}vd7A ™ and d7é'l"2},

where the sequences are Kautz sequences.

Let p be the minimum nonnegative integer such that the last D — p letters in R =
(ri,72,...,7p) form an a—b Kautz sequence of two letters a and b in {1,2,..., A+1}.
Let R(0) = (Tp+1,Tp+2, - - -, 7p) represent this sequence and note that D —p > 2. Our
process for obtaining the A ADST in TK (D, R) is similar to that in the previous
case.

THEOREM 3.2. There are A ADSTs rooted at any node in K(A, D) of depths
not exceeding [P + 1.

Proof. We follow the same algorithm as in the previous case with the following
two exceptions: 1. We begin with the set TK(R(0), D(0)), where R(0) is an node
represented by an a — b Kautz sequence. By Theorem 2.3, TK (R(0), D(0)) consists
of A ADSTs of depths D(0) +2 = D — p+ 2. 2. In this case, in Step 3 of the ith
stage, 1 <1 < p,

Aa(R(1))
= {aé(l) = (dj,’rp_i_‘_Q, . 77"D) | dj € {1,2, .. .,A + 1},dj 7& Tp—i+1 and dj 7é rp—i+2}~

Thus we have |A4(R(7))| = A—1 adopters, but we have a set of A extended line trees in
TKrr(D(i), R(i)). Therefore, we cannot expect to establish the 1-1 mapping between
the adopters Agq(R(i)) and the extended line trees TKpg(D(i), R(i)) as before. To
overcome this difficulty, for j = 1,...,A — 1, we chose one adopter, say a’,(i) €
Aq(R(3)), for tree t] (i) € TKp(D(i), R(i)) with subroot S; = (rp_it2,-.,7D,5;)
to add the missing node set Vinis(t] (i) = T(R(3)) — {S;} to t} (7). This leads to
the spanning trees t/(i) € TK(D(i), R(i)) for j =1,...,A — 1.

We now consider the last extended line tree t24 (i) € TKg(D(i), R(i)). Observe
that the arc (ag(z’), S;) is not used for constructing /(i) for j = 1,..., A —1 and that
Vinis (25 (1) = T(R(i)) — Sa = {u | u = S;,j = 1,...,A — 1}. To construct t*(i),
we start with ¢25(7) and then add the arcs (aﬁ(i), Si),i=1,...,A =1, to t{5(4) to
obtain the spanning tree t*(i). This produces the set of A ADSTs TK (D(i), R(i)) =
{t(i),j=1,...,A}.

Since the remaining parts in the proof are identical to the proof of Theorem
3.1, they will not be given. Due to difference 1 above, the bound on the depths is
#P1+1. O

We now briefly consider the disjoint spanning trees in the undirected deBruijn and
Kautz graphs. We define undirected deBruijn graphs UB(A, D) and Kautz graphs
UK (A, D) as follows. We begin with the digraph B(A, D) (respectively, K (A, D)).
Then 1. ignore the directions of the arcs, thus replacing arcs with edges; 2. if for
some nodes v and v in B(A, D) (respectively, in K (A, D)), both arcs (u,v) and (v,u)
belong to B(A, D) (respectively, to K (A, D)), we would have both edges joining u and
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v in UB(A, D) (respectively, in UK (A, D)); and 3. remove the loops from B(A, D).
We note that graphs UB(A, D) and UK (A, D) are not simple graphs and UB(A, D)
is no longer a regular graph because the corner nodes have degree equal to 2(A — 1)
while the others have degree equal to 2A.

By Theorem 3.1, it is clear that there are A —1 PNDSTs of depth at most PQD Tin
UB(A, D) rooted at an arbitrary node R. We will now show that there are A PNDST's
in UB(A, D). We note that there are |[V| = AP nodes and |E| = APl — A =
A(AP —1) = A(|[V| — 1) edges in UB(A, D), and thus total number of edges |E| in
UB(A, D) is exactly the number of edges required in the A edge-disjoint spanning
trees. Thus we know that there are at most A PNDST in UB(A, D). Actually, we
have the following result, which is a direct consequence of a result in [1].

COROLLARY 3.3. (See [1, Proposition 5.1].) There are A PNDSTs rooted at any
node R in UB(A, D) of depths no larger than 2D.

Proof. We begin with the digraph B(A, D). For a € {1,2,...,A}, let T'(a) be
the shortest-path spanning tree rooted at the corner node (aa...a). It is known that
T(1),T(2),...,T(A) are all arc disjoint and of depth D [1]. Furthermore, it can be
seen that each node in T'(a) except the root (aa...a) is of degree either A 4+ 1 or 1.
Let the undirected tree UT'(a) be obtained from T'(a) by ignoring the directions of
arcs in T'(a). Note that the diameter of the tree UT'(a) is exactly 2D. Let R be an
arbitrary node in UB(A, D); then the set of trees {UT(1),UT(2),...,UT(A)} can be
considered to be a set of edge-disjoint spanning trees rooted at R of depths less than
or equal to 2D. Furthermore, since each internal node in T'(a) has degree A + 1, no
node can be an internal node in more than one tree; thus the above set of trees are
pseudo-node-disjoint trees in UB(A, D). O

We now consider the case of UK(A, D). Note that the numbers of nodes and
edges in UK (A, D) are [V| = AP + AP=1 and |E| = APT! + AP respectively, and
the A ADSTs TK (A, R) have used T = A(|V|—1) = |E|—A edges; thus there are only
A free edges which do not belong to the directed trees in TK (A, R). Actually, they
are the A incoming arcs to the root R. The following result is a direct consequence
of Theorem 3.2.

COROLLARY 3.4 (corollary to Theorem 3.2). There are A edge-disjoint spanning
trees rooted at any node R in UK (A, D) of depths not exceeding [32D] + 1.

4. Conclusions and fault-tolerance considerations. The deBruijn and
Kautz graphs and digraphs have become contenders for interconnect architectures
of multiprocessor systems and computer networks. Since broadcasting is an impor-
tant function in such systems, the results of this paper further enhance the viability
of these graphs for such applications.

The results of this paper also have fault-tolerance implications. The fact that
there are A — 1 pseudo-node-disjoint trees rooted at a particular node R in B(A, D)
implies that the network can tolerate up to A — 2 node failures and still perform
its broadcast function. More precisely, let DN(f, G) (respectively, DL(f,G)) be
the maximum depth of a spanning tree rooted at arbitrary node R in a graph G
if up to f nodes (respectively, links) failed. This notion is similar to the previously
introduced notion of f-node-diameter vulnerability [6,8]. Our results imply that
DN(f,B(A,D)) < [3P1if f = A—2and DN(f,UB(A,D)) < 2D if f = A—1. The
same relations apply to DL(f, B(A, D)) and DL(f,UB(A, D)). It is easy to see that
DL(f,K(A,D)) < [*P7+11if f = A—1, and a similar statement would also hold
for UK(A, D). However, the situation for DN (f, K(A, D)) is a bit more complex.

We claim that DN(f, K(A, D)) < [3P]+ 1if f = A — 2. To see the validity of
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this claim, we refer the reader to the last stage, stage p, in our algorithm. After Step
2 of the algorithm, the trees in TKyg(D(p+ 1), R(p + 1)) are pseudo node disjoint.
However, after Step 3, each adopter, say a,(p + 1), becomes an internal node in both

the tree t/(p + 1) and the tree t2(p + 1). Thus the failure of adopter a‘zl (p+1) would
destroy the two spanning trees t/ (p+1) and t2(p+1). However, each additional node
failure would destroy at most one more tree. Thus even if A — 2 nodes failed, there is
at least one remaining tree of depth at most [32D 1+ 1. The above result also remain
valid for UK (A, D). In all of the above cases, if the number of failures f' < f, then
we would have f — f/ + 1 remaining rooted spanning trees with the above depths.

Finally, the bounds on the depths in this paper are not tight bounds. In particular,
we believe that the bound on the depths in Theorem 3.1 can be further improved if
a more suitable 1-1 mapping between the adopters Ay(R(i)) and the extended line
trees TBrr(D(i), R(i)) in Step 3 of each stage of our algorithm is selected.
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POLYNOMIAL-TIME RECOGNITION OF 2-MONOTONIC
POSITIVE BOOLEAN FUNCTIONS GIVEN BY AN ORACLE*
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Abstract. We consider the problem of identifying an unknown Boolean function f by asking
an oracle the functional values f(a) for a selected set of test vectors a € {0,1}"™. Furthermore, we
assume that f is a positive (or monotone) function of n variables. It is not yet known whether
or not the whole task of generating test vectors and checking if the identification is completed can
be carried out in polynomial time in n and m, where m = |minT(f)| 4+ | max F(f)| and minT'(f)
(respectively, max F'(f)) denotes the set of minimal true (respectively, maximal false) vectors of f.
To partially answer this question, we propose here two polynomial-time algorithms that, given an
unknown positive function f of n variables, decide whether or not f is 2-monotonic and, if f is
2-monotonic, output both sets min T'(f) and max F(f). The first algorithm uses O(nm? + n2m)
time and O(nm) queries, while the second one uses O(n3m) time and O(n®m) queries.
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1. Introduction. In this paper, we investigate the problem of identifying an
unknown Boolean function f by successively constructing test vectors a € {0,1}"™ and
asking an oracle their functional values f(a) (i.e., membership queries). We propose
two polynomial-time algorithms for a specific class of 2-monotonic positive Boolean
functions.

Recall that a Boolean function (or simply a function) f of n variables is a mapping
£:{0,1}™ — {0,1}. We shall write g < f if g(a) = 1 implies f(a) = 1 for all vectors
a € {0,1}™. If g < f and there exists a vector a satisfying g(a) = 0 and f(a) = 1,
we shall write g < f. A function f is called positive (or monotone) if a < b (i.e.,
a; <b; fori=1,2,...,n) always implies f(a) < f(b). A vector a € {0,1}" is a true
(resp. false) vector if f(a) = 1 (resp. f(a) = 0) holds. The set of true vectors and
false vectors of f are, respectively, denoted T'(f) and F(f). A true vector is called a
minimal (resp. maximal) if there is no true vector (resp. false vector) b such that b < a
(resp. b > a) and b # a. The sets of minimal true vectors and maximal false vectors
are, respectively, denoted min 7T'(f) and max F'(f). The definition of 2-monotonicity
is given in section 2. We only point out here that the class of 2-monotonic positive
functions properly includes the class of positive threshold functions [20, 26].

The problem of identifying Boolean functions arises in various settings of theory
and practice. A first application is the testing of logic circuits, i.e., the identification of

* Received by the editors May 4, 1993; accepted for publication (in revised form) April 17, 1995.
This research was partially supported by AFOSR grants 89-0512B and F49620-93-1-0041 and ONR
grants N00014-92-J-1375 and N00014-92-J-4083. A preliminary version of this paper appeared in
ISA ’91 Algorithms, Lecture Notes in Comput. Sci. 557, Springer-Verlag, Berlin, 1991, pp. 104-115
[7.

http://www.siam.org/journals/sicomp/26-1/26908.html

T RUTCOR, Rutgers University, New Brunswick, NJ 08903 (boros@rutcor.rutgers.edu, ham-
mer@Qrutcor.rutgers.edu).

¥ Department of Applied Mathematics and Physics, Faculty of Engineering, Kyoto University,
Kyoto 606, Japan (ibaraki@kuamp.kyoto-u.ac.jp, kawakami@kuamp.kyoto-u.ac.jp). The research of
these authors was partially supported by a Scientific Grant-in-Aid of the Ministry of Education,
Science, and Culture of Japan.

93



94 E. BOROS, P. L. HAMMER, T. IBARAKI, AND K. KAWAKAMI

the Boolean function realized by the circuit. This identification requires the selection
of a (possibly small) set of binary vectors on which the circuit is to be tested. Another
example is found in the process of forming a “concept” from partially observed data
[6, 11], in which hypotheses for the functional form of a hidden Boolean function are
generated. It is assumed that the hidden function belongs to a specified subclass of
Boolean functions, known a priori.

Probably the most rigorous mathematical basis for our problem is provided by
the recent development of computational learning theory. The problem discussed in
this paper is an example of exact learning (see, e.g., [1]), in which only membership
queries are allowed. Our result shows that a polynomial-time exact learning of this
type is possible for the class of 2-monotonic positive Boolean functions.

If no a priori information is available about the Boolean function f, it is obvious
that it cannot be identified unless the values f(a) for all 2™ vectors a € {0,1}" are
tested. Therefore, the problem becomes interesting only when some knowledge about
f is at hand. An important class in the above problem setting of concept formation
and learning theory is that of positive functions.

In this paper, a positive function will be considered identified if both the sets of
minimal true vectors, minT'(f), and maximal false vectors, max F'(f), are explicitly
obtained. We shall call these two sets the output of the identification algorithm, where
the length of output is denoted by

(1) m = |minT(f)[ + [ max F(f)].

This definition, while it may appear somewhat redundant since either of these sets can
be computed from the other, is justified by the following two reasons. First of all, in
general, the computation of one of these sets from the other can take exponential time
in the size of these sets. Second, the knowledge of both sets, min T'(f) and max F(f),
is necessary to ensure that the function obtained at the end of the algorithm is indeed
completely specified. It is known that the total size m of these sets can become as

large as
<LZJ> " (LZ + 1J>’

and therefore polynomiality in n only cannot be expected. However, the complexity
of an identification algorithm in terms of both the input and the output sizes is not
known.

The papers by Angluin [1] and Gainanov [14] contain an algorithm that identifies
min T'(f) of a positive function f of n variables by issuing O(n| min T'(f)|) membership
and equivalence queries. (Equivalence queries test whether the target function f is
equivalent to the hypothesis f’.) This means that the identification can be done
in polynomial time if both membership and equivalence queries are allowed. An
explanation for this is the fact that if f and f’ are not equivalent, the equivalence
oracle returns a binary vector a at which f and f’ disagree and which is then sent to
the membership oracle. However, when only membership queries are allowed, the time
to generate such query vectors must be taken into account, and, in spite of intensive
studies on this topic (see, e.g., [4, 14, 15, 16, 24]), it is not yet known whether or not
this can be accomplished in polynomial time. Note, however, that upon measuring
the complexity only by n and m; = |minT(f)| (instead of m), Angluin obtained a
negative result (see [1]), showing that there exists a positive Boolean function f which
cannot be identified by a polynomial (in n and m;) number of membership queries
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even if unlimited computation time is allowed. The underlying reason for this is that,
for any vector a € max F(f), there exists another positive Boolean function f’ for
which minT'(f") = min7(f) U {a}. Hence the information necessary to distinguish
between f and f’ assumes a membership query for all such vectors a. This implies
that the identification of f requires at least as many as mo = | max F'(f)| membership
queries, and this quantity mg is known to be exponential in n and m; for many
positive Boolean functions. This is another reason to introduce in this paper the
parameter m = mg + my for evaluating the complexity of an identification algorithm.

It is being realized that the problem of identifying a general positive function
by membership queries is equivalent to many other problems in the sense that the
former is solvable in polynomial time in n and m if and only if the latter problems
are solvable in polynomial time. Among the many problems of this type (see, e.g.,
[4, 12]), we mention the dualization of positive Boolean functions, the recognition
of self-dual positive functions, the recognition of saturated simple hypergraphs, and
so forth. Although the exact complexity of these problems is still open, the recent
result by Fredman and Khachiyan [13] shows that these problems can be solved in
O(meU°e™)) time, suggesting that it is quite unlikely that they are NP-hard.

The main results in this paper are two polynomial-time algorithms (more pre-
cisely, incrementally polynomial-time algorithms [17, 18]), which, for a given unknown
positive function f of n variables, decide whether or not f is 2-monotonic or not and,
if it is 2-monotonic, output both minT'(f) and max F(f). The first algorithm uses
O(nm? + n?m) time and O(nm) queries, while the second one uses O(n3m) time
and O(n®m) queries. (Throughout this paper, the stated computation time does not
include the time spent on the oracle to answer the given membership queries.) The
proposed algorithms make use of the results of Gainanov [14] and Valiant [25] to gen-
erate a vector in min T'(f) Umax F(f) and of a new characterization of 2-monotonic
positive functions in terms of their sets of minimal true and maximal false vectors.
They are also related to the results in [3, 5, 10, 21, 22] showing that the dualization of
2-monotonic positive functions can be done in O(mn) time. We also note that there
are some other classes of positive functions for which polynomial-time identification
algorithms are known [19], which are based on the concept of maximum latency of
function classes.

In concluding this section, we comment that there is a wide spectrum of research
about the exact learning of Boolean functions. Most of this research, however, is
based on the model of using both membership and equivalence queries. In this model,
in addition to the class of positive functions, there are a number of classes such as
read-once functions (see, e.g., [2, 9]), which are learnable in polynomial time in n and
the length of the formula expressing the function. Recently, Bshouty [8] showed that
any Boolean function is polynomially learnable either as DNF (disjunctive normal
form) or CNF (conjunctive normal form).

2. Definitions and basic properties. Let f be a positive function of n vari-
ables. f is completely characterized by one of the sets min7'(f) and max F'(f) since
f is defined, for example, by

fla) = 1 if a > b for some b € minT(f),
“ =90 otherwise.

It is known in Boolean algebra that another characterization of a positive function f
is that f has a disjunctive form in which all literals appear uncomplemented. In this
case, each prime implicant of f corresponds one to one to a minimal true vector of f.
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The dual f¢ of a function f is defined by
fUx) = f(@),

where f (respectively, ) denotes the complement of f (respectively, ). The Boolean
expression of f? is obtained from that of f by exchanging A (and) and V (or) as well
as the constants 1 and 0.

An assignment A of binary values 0 or 1 to k variables z;,, x,, ..., z;, out of all
n variables is called a k-assignment and is denoted by

(2) A={zy «— a1,%i, — Q2,...,Tj < A},

where each of the values a1, ..., ay is either 1 or 0. Let the complement of A, denoted
by A, represent the assignment obtained from A by complementing all the 1’s and 0’s
of A. When a function f(x) of n variables and a k-assignment A are given,

fA(I) = f(ﬂf;xz‘l A1, T4y < A2y ..., Ty, ak)

denotes the function of (n — k) variables obtained by fixing the variables z;, , z;,, ...,
x;, as specified by A.

Let f be a Boolean function of n variables. If either fy < fi or f4 > f4 holds
for every k-assignment A, then f is said to be k-comparable. If a function f is k-
comparable for every k such that 1 < k < m, then f is said to be m-monotonic.
(For more detailed discussion on these topics, see, e.g., [20, 26].) In particular, f is
I-monotonic if fi,,. 1) > fz,—0) OF fz;—1) < f(z;—0) holds for any i € {1,2,...,n}.
It can be shown that if f is positive, then it is 1-monotonic and f,,—1) > fz,—0)
holds for every i.

Now consider a 2-assignment A = {z; «— 1,z; « 0}. The relation f4 > fz
(respectively, fa > fz) will be denoted by z; = z; (respectively, x; =, x;). Two
variables x; and z; are said to be comparable if either x; =; x; or z; <y x; holds.
When z; =5 z; and x; <y x; hold simultaneously, we shall write z; ~; x;. If f is
2-monotonic, the binary relation >~y over the set of variables is known to be a total
preorder. A 2-monotonic positive function f of n variables is called regular if

(3) Ty Zf Lo Zf Ty Zf T

Any 2-monotonic positive function becomes regular by permuting the variables.

As an example, consider a function f = x5 V x1x3 of three variables. It can
be easily checked that f(x;z; «— 1) > f(x;z; « 0) for i« = 1,2,3, and hence f is
1-monotonic and positive. The 2-monotonicity of f can be checked in the same way,
and zo >f x1 =y x3 holds. Although f is not regular, after the relabeling 2 = 2,
xh = 1, and x5 = x5, it becomes regular.

The property of 2-monotonicity was originally introduced in conjunction with
threshold functions (e.g., [20, 26]). A positive function f is called threshold if there
exist n + 1 nonnegative real numbers ¢y, ca, ..., ¢, > 0 and ¢ such that:

f= 1if Y e >t
10 if Z?:l cr; < t.

Since ¢; > ¢; implies x; = x; and ¢; = ¢; implies x; =~ x;, a threshold function is
always 2-monotonic. The converse, however, is not true.
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3. Outline of the algorithms. We shall present an outline of our algorithms
which, for a given unknown positive function f, decide whether or not f is 2-monotonic
and, if the function f is 2-monotonic, output min7'(f) and max F'(f). Both of the
presented algorithms will be based on an oracle to obtain the values f(a) for a selected
set of vectors a, i.e., on membership queries. The details of the steps of the algorithms
and the analysis of their time complexity will be given in the subsequent sections.

In the proposed algorithms, we shall maintain two subsets of vectors MT and
MF such that

(4) MT CminT(f) and MF C maxF(f).
Let us define the sets of vectors T" and F' by

5) T ={a€{0,1}"|a > a for some o' € MT},
F={be{0,1}"b <V for some b’ € MF},

and let us call a vector a unknown if
agTUF

since f(a) for such a vector a cannot be deduced from the knowledge of MT and
MF. Given a binary vector a = (a1, as,...,a,), let @ = (a1, as,...,a,) denote its
complement. Let us further define two positive functions ¢g; and gg by

@1 iacT
I =30 otherwise,

(6) o
1 ifaeF,
0 otherwise.

In each iteration of the algorithms, given the current sets MT and M F, we test
whether the two functions gy and g; satisfy the following two conditions:

(a) Both g1 and gg are 2-monotonic.

(b) The orders of variables for g; and go coincide, i.e., x; =4, x; if and only if
x; =g, x5 for any @ # j.

If these conditions do not hold, we shall distinguish two cases:

(i) We can conclude that f is not 2-monotonic and the algorithms stop.

(ii) We can find an unknown vector a with respect to the current MT and MF.
In this case, with the aid of membership queries, another vector c is generated from
a for which we have

(7) c€ (minT(f)Umax F(f))\ (MTUMF).

Then MT or MF is augmented with ¢, and the algorithms proceed to the next
iteration.

On the other hand, if g; and g¢ satisfy both conditions (a) and (b) above, we test
whether the current MT and M F satisfy

(8) MT =minT(f) and MF = max F(f).
The following outcomes are possible:

(iii) Condition (8) holds. Then g; = f and f is identified (also go = gf = f¢
holds). Our algorithms stop here.
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(iv) Condition (8) does not hold. Then an unknown vector a is found and the
algorithms proceed as in (ii) above.

The above procedure is repeated until it stops in (i) or (iii).

The key tasks in an efficient implementation of these steps are the following:

Task 1: initializing the sets MT and MF'.

Task 2: checking whether both conditions (a) and (b) hold for the current g; and
go of (6) and, if not, either concluding that f is not 2-monotonic or providing an
unknown vector a.

Task 3: checking whether or not the termination condition (8) holds and, if not,
providing an unknown vector a.

Task 4: given an unknown vector a, finding a vector ¢ which satisfies (7).

These points will be separately discussed in the subsequent sections. As we shall
see, Task 1 is quite easy, and a polynomial-time solution for Task 4 is already well
known. The contribution of this paper consists mainly in providing polynomial-time
algorithms for Tasks 2 and 3 above.

4. Construction of a minimal true vector or a maximal false vector.
Given an unknown vector a of a positive function f, Gainanov [14] and Valiant [25]
present an algorithm to enlarge the set MT UM F by finding a vector ¢ satisfying (7).
It proceeds as follows.

Assume that an unknown vector a’ = a satisfies f(a) = 1. Fori = 1,2,...,n,
define
i — at~t if a; =0, orifa; =1 and f(a*~! —¢') =0,
T lat—et ifa;=1and f(a® ! —¢f) =1,

where e’ denotes the ith unit vector. Then ¢ = a™ satisfies ¢ € minT(f) and ¢ < a,
implying that ¢ satisfies (7).

The case of f(a) = 0 is treated symmetrically, and the algorithm produces a
vector ¢ € max F(f). In either case, at most n + 1 vectors are tested by membership
queries and the total time required for this task is O(n).

As an example, consider a positive function f of five variables and assume that
MT =0 and minT(f) = {10100,01010}. Let us test the vector a = (11110). Clearly,
f(a) =1 (since a > 10100), and the following sequence is generated:

a® = (11110), f(a®) =1,

a' = (01110)  since f(a® —e!) = £(01110) = 1,
a? = (01110)  since f(a' —e?) = £(00110) = 0,
a® = (01010)  since f(a? —e3) = £(01010) =1,
a* = (01010)  since f(a® —e*) = £(01000) = 0,
a® = (01010)  since a5 = 0.

Consequently, ¢ = a® = (01010) is a minimal true vector.

5. An algorithm for identifying 2-monotonic functions. In this section,
we present an algorithm IDENTIFY-1 for identifying a 2-monotonic positive function
in O(nm? + n?m) time by asking O(nm) queries. Another procedure that requires
O(n3m) time and O(n®m) queries will be presented in the next section.

5.1. Initialization. If MT = () and M F = (), any a is an unknown vector. It is
convenient to start with a' = (111...1). If f(a') = 0, then the positivity of f implies
that f is identically 0 (i.e., f is identified). Let us assume therefore that f(a!) =1,
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and let ¢! be the vector (satisfying (7)) obtained by the algorithm described in section
4. A similar procedure is then applied to a® = (000...0). If f(a?) = 1, then f is
identically 1 (i.e., f is identified); otherwise, a vector ¢’ satisfying (7) is produced.
Our algorithms initialize MT and M F as

MT :={c'} and MF :={"}.

5.2. Checking the 2-monotonicity of g;. Since g1 and g of (6) can be treated
in a similar manner, in this subsection, we shall refer to either of g; and gy as g and
to either of the corresponding sets M7T and

CMF = {ala € MF}

as M. In other words, min7T(g) = M holds. The algorithm described below decides
if g is 2-monotonic or not, and if g is 2-monotonic, it also computes the <, order of
the variables. The cases in which g is not 2-monotonic or the orders <, and =4, do
not coincide will be discussed in the next two subsections.

Let us note that the existence of a pair of vectors a and b for which

1

(9) aeM,  g(b)=0,
and

a; = 17 (]JJ':O7 bZ:O, bjil,
(10) ap="by fork #1i,j

implies g4 € g for the assignment A = {z; «— 1,z; « 0}, that is, z; £ z,;. Con-
versely, if z; A x;, then there exist vectors a’ and b’ such that g(a’) = 1 (possibly
a ¢ M), g(b') =0, and (10) holds for o’ and &’. By the definition of g, there exists a
vector a < @’ for which a € M. For this vector a, g(a) = 1 holds and hence a € V/,
which implies that a; = 1 and a; = 0. Let us then define a vector b by

0 if k=1,
bh=41 ifk=j,
ap  otherwise.

Since b < V' follows from a < @', the vectors a and b satisfy conditions (9) and
(10). Therefore, the existence of a pair of vectors a and b satisfying (9) and (10) is a
necessary and sufficient condition for z; A x;. In other words, z; = x; if and only if
there is no pair a and b that satisfy (9) and (10), which is then equivalent to saying
that, for every vector a« € M and indices ¢ # j for which

(11) a;=1 and a; =0,
there exists a vector d € M satisfying
(12) d; =0, d; =1, and di <ap fork#i,j.

We obtain the following.

LEMMA 5.1. Given a positive Boolean function g with M = minT(g) and indices
i # j, the following three conditions are equivalent:

(l) xZ; jg Zj.

(ii) There is no pair of vectors a and b satisfying (9) and (10).
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(ii) For every vector a € M satisfying (11), there exists a vector d € M satisfying
(12).

Let us observe that the existence of indices i # j for vectors a,d € M satisfying
(11) and (12) is equivalent to

dj=1, a; =0 hold for exactly one j,

(13) dp < ap forall k+#j

since the minimality of vectors in M guarantees the existence of an index i for which
d; < a;.

To test conditions (11) and (12), we shall construct for each ¢ € M an n X n
matrix P(a) such that

(14)  Pyj(a) = {
and let

(15) P=Y Pa).

aceM

1 if a satisfies (11) and there is no d € M satisfying (12),
0 otherwise

The next lemma follows immediatly from Lemma 5.1 and from the definition of

LEMMA 5.2. For a positive function g, we have

(i) @; =4 ; if and only if P;; =0 and Pj; > 0,

(ii) @; =4 x; if and only if P;; =0 and Pj; =0,

(ili) @; and x; are not comparable (implying that g is not 2-monotonic) if and
only if P;; >0 and Pj; > 0.

The 2-monotonicity of g can be tested by constructing the matrix P and applying
Lemma 5.2. If g is 2-monotonic, the order <, of the variables can also be obtained
from P.

Let us now consider the computation of the matrices P(a) and P. Initially, we
start with P = 0 corresponding to M = (). Let us assume in the general step that P
for the current M has already been computed, and a new vector c is added to M.

Step 1. Initialize the matrix P(c) by setting

__J1 ifeg=1andc; =0,
(16) Pijlc) = {O otherwise,

and let M := M U {c} and P := P + P(c).

Step 2. Compare ¢ with each e(# ¢) € M to see if condition (13) holds. If ¢ and
e can be regarded as a and d in (13), respectively, then let P;;(c) := 0 for all ¢ and
J satisfying (11) and (12). Similarly, if ¢ and e can be regarded as d and a in (13),
respectively, then let P;;(e) := 0 for all ¢ and j satisfying (11) and (12).

Step 3. Update the matrix P to reflect all modifications in Step 2.

The time required in Step 1 is clearly O(n?). As noted in condition (13), there
is a unique index j used in modifying matrices P;;(c) or P;;(e) in Step 2, and thus
Step 2 requires O(n) time for each vector e € M. Hence the total time for Step 2 is
O(n|M]). Finally, Step 3 to update P as a result of the changes of P;;(c) and P;;(e)
in Step 2 can be done in O(n|M|) time. Therefore, the time required to increment M
by a vector c is O(n|M| + n?).

Since the sets MT and MF can be incremented by at most |minT(f)| and
| max F'(f)| times, respectively, the total time required for this part is O(n(| min T(f)|?
+[max F(f)[?) + n?(|min T'(f)| + | max F(f)])) = O(nm? + n’m).
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5.3. When g is not 2-monotonic. Assuming that the g tested in the previous
subsection is not 2-monotonic, we show here that one can either conclude that f is
not 2-monotonic or find an unknown vector (as discussed in (i) and (ii) of section 3).

If g is not 2-monotonic, there must exist indices ¢ # j for which F;; > 0 and
Pj; > 0. This implies by the definition of P that there exist vectors a,b € M for
which

ai:L (J,j:O7 bi:(), bjzl.

Let us define the vectors @’ and b’ by complementing the ith and jth components of
a and b, respectively. We shall consider the cases g = g1 and g = gg separately.

If g = g1 (and hence M = MT), then the vectors o’ and b’ do not belong to T', i.e.,
there is no @”” € MT or b € MT such that a’ > a” or b’ > b" since the existence of
such an a” € MT (respectively, b € MT) would contradict the assumption P;;(a) > 0
(respectively, Pj;(b) > 0) (in view of condition (13) with d = a” or d =1").

() If f(a') = f(V/) =0, then we can conclude that f is not 2-monotonic. Indeed,
x; A5 x; follows from f(a) =1 and f(a’) = 0, and z; A5 x; follows from f(b) =1
and f(b') = 0.

(ii) If at least one of f(a') and f(V') is 1, say f(a’) = 1, then ¢’ € T U F (since
a’ € T, as seen above, and a’ € F because f(a’) = 1), and hence a’ is an unknown
vector.

On the other hand, if g = g (and hence M = CMF), we consider @, b, a/, and
b, where @ denotes the complement of a, etc. By definition (6) of gog, we have the
following.

(i) If f(a’) = f(¥/) = 1, then f is not 2-monotonic.

(ii") If at least one of f(a’) and f(') is 0, say f(a’) = 0, then @/ is an unknown
vector.

5.4. When the variable orders of g; and g¢ do not coincide. Assume that
g1 and go of (6) are both 2-monotonic but the orders <,, and <, of the variables do
not coincide. In this case, we shall identify an unknown vector.

For simplicity, let z; >4, x; but z; =4 z; or x; <4, ;. In order to avoid
confusion, let us denote P;;(a) for g1 (respectively, for go) by Pilj(a) (respectively, by

o]

P%(a)). Then as discussed in section 5.2, there is a vector a € MT with
1
(17) Pz](a’) > O al’ld a; = ]_7 aj = 07

and the vector a’ obtained from a by complementing the components a; and a; does
not belong to T (since there is no d € MT satisfying (13) for this a). This a’ does
not belong to F either, i.e., it is an unknown vector. Indeed, if a’ € F, then there is
a vector a” > a' with a” € MF. It is easy to see that a; = 0,a}; = 1,a} = 0,a] =1,
and ay > aj, for k # i,j. Therefore, a’; :_1,a7’j =0,a;, = 0,a; = 1, and a”y, < ay,
for k # i,j. Then o € CMF (ie., go(a”) = 1) and a € MT (i.e., go(a) = 0)
together imply that there is no vector d for which the pair a” and d satifies (13).
Thus Pig- (a’) > 0, in contradiction to the assumption that z; &4, z; or z; <4y Tj.
Similarly, if z; >4, z; but z; 24, z; or x; <4, x;, then there is a vector a € CM F
satisfying (17). Defining a’ similarly as above, we see that a’ is an unknown vector.

5.5. Checking if g1 = f. Assume now that both g; and gy are 2-monotonic,
and the orders <, and =, coincide. We show how to test condition (8) of section 3
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and how to obtain an unknown vector if (8) does not hold (i.e., steps (iii) and (iv) of
section 3). For simplicity of discussion, we assume in this subsection that

(18) T1mg, X2 =g, - =g, Tn fori=0,1,

i.e., g1 and go are regular. The order (18) can be obtained in O(nlogn) time by
applying a sorting algorithm to the preorder =<,,. If the sets T" and F' are defined by

i

(5), then the definition of ¢g; and gy shows that
(19) TNF=19.

From assumption (18) and the definition of the <, order, it follows that the set T is
left-shift stable, i.e.,

(20) a€T implies a+e' —e/ €T forany i<j
such that a; =0 and a; =1,

where e’ is the ith unit vector, and similarly, F is right-shift stable, i.e.,

(21) bc F implies b—e'+e/ € F forany i <j
such that b; =1 and b; =0.

Our test algorithm for condition (8) is based on the following lemma.

LEMMA 5.3. Assume that both of the functions g1 and go defined from MT and
MF are 2-monotonic and satisfy (18). If MT, MF, and T, F of (5) further satisfy
the properties that

(i) a—el € F for alla € MT and for all j with a; = 1, and

(ii) b+ el €T for allb e MF and for all j with b; =0,
then there is no unknown vector, i.e., MT = minT(f) and MF = max F(f) (hence
g1 =f).

Proof. Taking any vector ¢ € F', we show that ¢ € T. (This proves that there is
no unknown vector ¢ ¢ T U F.) Let us choose the maximum k& such that the vector
ck defined by

k __ Cjs j:172a"'7ka
(22) Ci_{o, j=k+1,....n

satisfies

& eF
Obviously, £ < n and
(23) crr1 =1

by the maximality of k. Let us then choose a vector d € MF such that d > c*. By
the maximality of k, this d satisfies di+1 = 0. Moreover,

(24) dj:Cj, j:1,2,...,k,

since if d; = 1 and ¢; = 0 for some i < k, then property (21) shows that the vector d’
obtained from d by complementing d; and dj; belongs to F', implying that the vector
c*1 defined by (22) satisfies c**! < d’ € F, in contradiction with the maximality of
k.
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Now let the vector d” be obtained from d by flipping dg+1 = 0 to 1. Because of
assumption (ii), the vector d” belongs to F'; hence there is a d* € MT such that

(25) d-<d".

If there are several vectors in M T satisfying (25), we shall choose for d* the “leftmost”
one in the sense that

(26) d*+e' —eh g d’ foralli<h suchthatdf =0 and dj =1.

This d* satisfies dj; 41 = 1 since otherwise d* < d and hence d* € F, a contradiction.
We claim that

(27) d;j =0, j=k+2k+3,...,n,

that is, d* < ¢ by (23), (24), and (25). This implies ¢ € T, proving the lemma.
To prove (27), assume that dj =1 for some h > k+ 1. If thereisan i < k +1
such that ¢; =1 and d] = 0, we have
d*+e' —e" <d’ (by (24) and the definition of d"),
in contradiction with the selection rule (26) of d*. Therefore,
d; =cj, j=12,....k+1,
and hence c**1 € F is implied by assumption (i) applied to d* € MT. However, this
contradicts the maximality of &, and hence (27) holds. O

In order to check conditions (i) and (ii) of this lemma, we shall need the following
characterization, which follows directly from the definition of regularity.

LEMMA 5.4. Let us consider the sets MT and MF and functions g1 and gy of
Lemma 5.3. Then we have the following:

(i) Condition (1) of Lemma 5.3 holds if and only if, for every a € MT, there exists
ab & MF such that b > a — e/, where j denotes the mazimum index with a; =1.

(ii) Condition (ii) of Lemma 5.3 holds if and only if, for every b € MF, there
exists an a € MT such that a < b+ €7, where J 1s the mazimum index with b; = 0.

Furthermore, as pointed out in [23], the existence of a € MT (respectively, b €
MF) satisfying a < y (respectively, b > y) for a given vector y can be tested in
O(n) time if g; defined by MT (respectively, go defined by MF) is regular. Such
a procedure will be described below for the case of MT since M F can be handled
analogously.

Let us store all the vectors of MT in a binary tree B(MT') of height n, in which
the left edge (respectively, right edge) from a node in depth j — 1 represents the
case z; = 0 (respectively, z; = 1). A leaf node v of B(MT) in depth n stores the
vector a € MT, the components of which correspond to the edges of the path from
the root to v. In order to have a compact representation, edges with no descendants
are removed from B(MT). An example for such a binary tree is shown in Fig. 1,
corresponding to the set MT = {011,101, 110}.

Given a vector y, the algorithm starts from the root v° of B(MT) and follows
the edges down to the leaf corresponding to a vector a satisfying a < y. At each node
vI~1 of depth j — 1 in B(MT), an edge is selected by the following rule:

1. If j < n and y; = 0, then follow the left edge from v/~! to the next node v7.
If there is no left edge to follow, then stop (there is no a € MT satisfying a < y).
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(011) (101) (110)

Fic. 1. A data structure B(MT).

2. If j < n and y; = 1, then follow the right edge from v7~!. If there is no right
edge from 77!, then follow the left edge to the next node v7.

3. If j = n+1, then stop (the vector a associated with the current leaf v™ satisfies
a <y).

Based on Lemma 5.4 and on this algorithm, it is easy to see that condition (i) of
Lemma 5.3 for a vector a € MT and condition (ii) for a vector b € M F can be checked
in O(n) time, respectively. In the algorithm of this section, the sets MT and M F are
gradually augmented. Therefore, in each iteration, conditions (i) and (ii) have to be
checked only for the newly added vectors a € MT and b € M F. Therefore, the total
time needed for this part is O(n|MT| + n|MF|) = O(nm).

In this process, if condition (i) or (ii) of Lemma 5.3 fails to hold (i.e., either no
b e MF satisfies b > a — eJ or no a € MT satisfies a < b+ ej), then the vector a — e’
or b+ ¢’ is an unknown vector for the current MT and MF. In other words, the
computation in this subsection either concludes that g; = f holds or provides a new
unknown vector.

Remark. Although we did not need it in our algorithm, the condition MT =
minT'(f) can also be checked by utilizing a polynomial-time algorithm for dualizing
a regular function [3, 5, 10, 21, 22]. Since

max F(g1) = {a|a € minT(g{)},

max F'(g1) can be computed by applying such a dualization algorithm to g;. Then
MT = minT(f) holds if and only if max F(g;) = MF. The time required for dual-
ization is O(n|MT|+n|MF|) = O(nm) [3, 22], and max F(g1) = M F can be checked
in O(n|MF)) time if we sort both sets lexicographically in O(n|M F|) time and then
compare them.

5.6. Description of the algorithm. The algorithm describ